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Abstract

In this paper I study the problem of identifying the causal effect of an experimental treatment

when the experiment suffers from non-compliance. In particular, I consider the identifying power

of information collected from non-complying participants after the completion of the treatment

phase. Follow up surveys often ask study participants why they chose not to accept an offer

of treatment despite being assigned to it, and answers to such questions offer insights into the

decision process by which agents choose to comply with their assigned treatment status. I propose

a model that rationalizes an agent’s compliance decision. Based on this model, I characterize

the set of values for the average treatment effect that are conformable with data observed in a

randomized trial. This model and the implied set of identified values for the average treatment

effect rely on the availability of follow up surveys that ask agents why they chose to not comply.

This underscores the importance of following up with non-complying agents since the model

often leads to substantially tighter identified sets for the average treatment effect than what is

possible without this information. I apply the proposed model to data from the Job Training

Partnership Act Study to estimate identified sets for the average treatment effect for a number

of employment outcomes.

1 Introduction

Program evaluation has been a mainstay of empirical research in economics for decades and encom-

passes a vast and growing collection of studies which analyze the impact of policy interventions.

For example, consider a government sponsored training program designed to improve labor market

outcomes for the socially or economically disadvantaged. A key question of interest is whether

this program is actually effective and to what extent it succeeds in attaining its stated goals. If

the program is expensive to maintain then the results of an impact evaluation study would allow

policy makers to make an informed decision when adjusting the scope or scale of the program. A

randomized trial is a popular method to collect data that can be used to quantify the impact of the

training program on labor outcomes. In such a trial, individuals are randomly assigned to one of

two groups. Members of one group are allowed training under the program while members of the

other group are not. These groups are sometimes referred to as treatment arms with the former and
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latter being called the treatment and control arms, respectively. After this initial assignment, mem-

bers in the treatment arm receive training under the program, following which the study records

outcomes for all participants in the trial. A comparison of the labor outcomes of individuals in the

two groups can then identify the effect of the policy. Randomization of this form has been exten-

sively used in studies which involve human participants and the principles of any such analysis are

widely understood and easy to communicate. A common assumption in any such analysis is that

individuals comply with their assigned treatment status i.e., all individuals placed in the treatment

arm must receive training while those placed in the control arm should not receive any training.

In practice, noncompliance is extremely common since it is often not possible to enforce perfect

compliance of agents with their assigned treatment. If only some individuals in the treatment arm

actually accepted training under the program, then it is possible that their self-selection was driven

by information or characteristics specific to them and which therefore rendered them systematically

different from other individuals in the treatment group. In effect, the labor outcomes of the con-

trol group are no longer an appropriate reference against which to compare the outcomes of those

individuals in the treatment arm who actually received training.

Non-compliance in randomized trials is a well recognized problem and it is clear that under-

standing the process which dictates whether or not members in the treatment arm choose to comply

with their assigned status is an important component of any policy evaluation study that relies on

data from the trial. Many trials conduct a follow up survey where non-complying members of

the treatment arm are asked to list reasons for why they chose not to get trained under the pro-

gram. In this paper I propose a simple framework which exploits this information to rationalize

non-compliance behavior observed in data from a randomized trial as described above. The impact

of services provided under a job training program is then analyzed and compared against various

standard approaches. It should be noted that most existing policy evaluation studies typically only

utilize outcome data and whether an individual complied with their assigned treatment. Reasons

for non-compliance are rarely used in a systematic manner when attempting to measure the im-

pact of a policy intervention. To empirically illustrate the importance of this information, I use

data from the Job Training Partnership Act Study to estimate the impact of job training and job

search assistance provided under the program on various employment outcomes. Data from this

study has been used in several papers on policy evaluation though information for the reasons of

non-compliance has never been used to systematically explain non-compliance.

1.1 Related Literature

This paper is primarily related to the literature on identifying and estimating the average treatment

effect and other causal parameters using either observational data or data from experimental studies.

For a review see Abadie and Cattaneo [2018]. In particular, it concerns the identification of average

treatment effects in experimental studies with non-compliance where the causal parameter of interest

can only be partially identified. The basic framework starts with the causal model of Rubin [1974]

but goes back to the analysis of Fisher [1935]. A review of relevant assumptions and key results
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in the absence of non-compliance may be found in Imbens [2004]. The issue of non-compliance

in experimental studies presents complications for estimating treatment effects which are often

mirrored when using data from observational studies. Heckman and Hotz [1989] discusses the issue

of estimating treatment effects using data from observational studies. Angrist and Imbens [1991],

Imbens and Angrist [1994] are seminal papers which investigate identification of causal parameters

in the presence of non-compliance. Imbens and Rubin [1997] analyzes the problem of inference for

causal parameters in experimental studies with non-compliance in a Bayesian framework.

Non-compliance, where only some agents eligible for treatment choose to accept is related to

the larger problem of selection bias which has been studied extensively, for example in Heckman

[1974], Heckman [1976], Manski [1990]. While I will propose an underlying model that describes

the pattern of self selection, the analysis in what follows will not directly deal with the problem

of estimating conditional means while correcting for bias due to self selection. The issue of non-

compliance I consider is distinct from what is typically labeled non-compliance or non-adherence

in the medical literature (see for example Kleinsinger [2003], Kleinsinger [2010]). Issues of non-

compliance in medicine often involve discussions of how to pursue treatment when a patient does

not exactly comply with or follow the recommended treatment strategy, whereas I am concerned

with identifying the impact of an experimental intervention after the conclusion of the experiment,

or treatment phase.

More relevant to this paper is the extensive literature of partially identified treatment effects

as studied in Manski [1990], Balke and Pearl [1997], Heckman and Vytlacil [1999], Manski [2003],

Bhattacharya et al. [2008], Chen et al. [2012] ,Demuynck [2015]. By extension, this paper is related

to the broader literature on partially identified parameters surveys, reviews of which can be found

in Tamer [2010], Molinari [2019].

Much of the analysis relies on features observed in the Job Training Partnership Act (JTPA)

Study, though similar features are possibly present in many other experimental datasets which are

not publicly available. The JTPA Study has been widely studied and used in several papers. Bloom

et al. [1993], Bloom et al. [1997] describe the experiment in great detail and present detailed results

for program efficacy. Heckman and Smith [1997] used data from the JTPA Study to examine how

estimates of program impact are sensitive to how data is aggregated or processed in the course of

statistical analysis. Since these early papers, the JTPA has been used in numerous other studies

(Abadie et al. [2002], Courty and Marschke [2004], Kitagawa and Tetenov [2018], Kitagawa and

Tetenov [2021]). In what follows I will propose a model which assumes that agents assigned to

treatment have some belief about potential program benefits before the treatment phase. Smith

et al. [2020] uses the JTPA Study to investigate how agents evaluate the performance of the program

but post treatment. The JTPA Study did not directly ask agents how they expected the program

to help them, but rather why they chose not to accept services under the JTPA. Their response

is assumed to be informative of their subjective expectations regarding program efficacy. This

is related to but distinct from studies which directly elicit information about agents’ subjective

expectations about their outcomes in the future e.g. Dominitz and Manski [1997].
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2 Identifying Causal Effects in the Presence of Non-Compliance

I begin with a brief introduction of the potential outcomes framework of Rubin [1974], and as

discussed in Imbens and Rubin [2015]. This framework is often referred to as the Rubin Causal

Model or Neyman-Rubin causal model and it clearly llustrates the issue of non-compliance and its

impact on the identifiability of treatment effects using data from a randomized trial. Consider an

outcome of interest Yi observed for agent i. The causal effect of treatment on outcome Yi can be

defined in terms of potential outcomes. Let Yi(1) be the outcome for agent i if they had received

treatment and let Yi(0) be their outcome if they had not received treatment. The average treatment

effect (ATE) in this framework is defined as,

ATE = E[Yi(1)− Yi(0)], (1)

where the expectations operator aggregates over the joint distribution of potential outcomes. Let

Di denote a binary indicator variable equal to 1 if agent i received treatment. Assume that the

observed outcome Yi is related to potential outcomes as Yi = Di · Yi(1) + (1 − Di) · Yi(0). This

relationship demonstrates a fundamental problem in any study which seeks to determine the impact

of a treatment - only one of the two potential outcomes is observed for agent i, as determined by

whether or not they received treatment. Now let Zi denote a binary variable equaling 1 if the agent

was assigned to the treatment group. For now it is assumed that assignment is independent of

potential outcomes i.e.

Zi ⊥ (Yi(1), Yi(0)),

which implies that the assignment decision itself does not influence the potential outcomes. Di(z)

for z = 0, 1 then defines two potential outcomes for the treatment indicator. Perfect compliance

with the assigned treatment is defined by,

Di(z) = z, for z = 0, 1,

with imperfect or non compliance being defined as a violation of the above. If there is perfect

compliance, while only one potential outcome is observed for agent i, the ATE can still be identified

from the data of a randomized trial as,

E[Yi | Zi = 1]− E[Yi | Zi = 0]. (2)

This follows because for outcome d ∈ {0, 1},

E[Yi | Zi = d] = E[Yi(1) ·Di(d) + (1−Di(d)) · Yi(0) | Zi = d]

= E[Yi(d) | Zi = d] = E[Yi(d)]. (3)

The first equality above follows by the definition of the observed outcome; the second equality follows

under the assumption of perfect compliance, and the final equality follows because assignment to a
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treatment group was random. There is also the implicit assumption that merely being assigned to

the treatment or control group cannot influence the potential outcomes Yi(1), Yi(0). The rationale

behind the definition in (2) is quite simple - if assignment was independent of potential outcomes,

and everyone complies with their assignment, then any difference in outcomes must be purely due

to the treatment. The presence of non-compliance breaks the above relationship and implies that

the ATE cannot be identified from the data collected in a randomized trial as described here. To

see this return to (3) and notice,

E[Yi | Zi = d] = E[Yi(0)] + E[Yi(1)− Yi(0) | Di(d) = 1, Zi = d] · P(Di(d) = 1 | Zi = d), (4)

where P(Di(d) = 1 | Zi = d) < 1 when there is non-compliance. If we tried to calculate the quantity

in (2) then instead of the ATE, we would have:

E[Yi(1)− Yi(0) | Di(1) = 1, Zi = 1] · P(Di(1) = 1 | Zi = 1)−

E[Yi(1)− Yi(0) | Di(0) = 1, Zi = 0] · P(Di(0) = 1 | Zi = 0). (5)

While the ATE cannot be identified using data from a study which suffers from non-compliance,

there are other causal effects which still can be. The object in (2) still represents a difference in

outcomes between two groups of people who are similar apart from random variation as long as Zi

is independent of potential outcomes. Moreover, it can be argued that it is realistic to expect some

degree of non-compliance in real world settings where the authority assigning agents to treatment

cannot directly influence an applicant’s decision to accept or adhere to their assigned treatment.

These observations are why the comparison in (2) is said to measure the ATE from an intention to

treat (ITT) perspective. In effect, (2) measures the impact of an offer of treatment instead of the

impact of the treatment itself. The various methodological benefits of adopting an ITT approach

are well known, though the shortcomings are often difficult to ignore (see for example Hewitt et al.

[2006]). Imbens and Angrist [1994] show that the data can also be used to estimate the ATE for a

sub-group of the population, relying on the fact that an offer of treatment can by itself change the

probability that a participant will actually accept and receive treatment. This is known as the local

average treatment effect (LATE, or complier average treatment effect as in Hewitt et al. [2006]) and

is given by,

E[Yi | Zi = 1]− E[Yi | Zi = 0]

P(Di = 1 | Zi = 1)− P(Di = 1 | Zi = 0)
= E[Yi(1)− Yi(0) | Di(1)−Di(0) = 1]. (6)

The conditions under which the equality in (6) holds are standard and often reasonable (see Imbens

and Angrist [1994]). Since Di is binary, the conditioning event on the right hand side of equation (6)

shows that identified quantities may be used to define the average treatment effect for the sub-group

of agents who would not receive treatment unless they were offered it - such agents are often called

compliers.

While both the LATE and ITT effects are widely used, they suffer from some disadvantages.
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The ITT effect captures the effect of an offer of treatment while the LATE measures the impact of

treatment on a subset of the whole population of agents. Neither object captures the ATE which

measures the impact of actual treatment received on the entire population - this is a fundamental

object of interest in many studies and is also the primary focus of this paper. Even if the ATE

cannot be point identified using data from a randomized trial with non-compliance, it is often

possible to bound its magnitude. Many studies (e.g. Manski [1990]) have pointed out that the ATE

can generally be bounded as long as the potential outcomes are bounded. For example, if it is known

that the outcomes Yi(1), Yi(0) belong to the interval [0, 1], then the ATE must lie within [−1, 1].

The structure of a randomized trial often provides additional information which may be used to

derive tighter bounds on the ATE. For example, suppose that only agents who have been assigned

to treatment can actually receive treatment i.e Di(0) = 0. Then, letting θLATE denote the local

average treatment effect, the definition in (6) can be used to establish the following relationship:

E[Yi(1)− Yi(0)] =E[Yi(1)− Yi(0) | Di(1)−Di(0) = 1] · P(Di(1)−Di(0) = 1)+

E[Yi(1)− Yi(0) | Di(1)−Di(0) ̸= 1] · P(Di(1)−Di(0) ̸= 1)

=θLATE · P(Di = 1 | Zi = 1)+

E[Yi(1)− Yi(0) | Di = 0, Zi = 1] · P(Di = 0 | Zi = 1) (7)

The second term in the sum above accounts for the average treatment effect for non-compliers. This

quantity cannot be identified from data but it must lie within the interval [−1, 1] since outcomes

lie within [0, 1]. Therefore, the average treatment effect must be bounded below and above by the

following identified quantities1:

θLATE · P(Di = 1 | Zi = 1)− P(Di = 0 | Zi = 1)

θLATE · P(Di = 1 | Zi = 1) + P(Di = 0 | Zi = 1). (8)

The bounds above imply that the average treatment effect is only partially identified since only an

interval containing it can be identified from data, as opposed to its actual value. This paper will

focus on deriving bounds on the average treatment effect which are tighter than those in (8) in the

sense that the set of identified values for the ATE will correspond to an interval of length shorter

that that implied by (8).

A vast literature now exists on analyzing partially identified parameters in various areas of

economic interest (see Molinari [2019] for a review). In the case of the average treatment effect, the

focus is often on deriving non-parametric bounds on the causal parameter of interest. These bounds

usually exploit observable features of the outcome data, the treatment assignment mechanism,

and whether or not treatment is actually received or accepted. This is often the only relevant

1these bounds are not sharp since they assume E[Yi(1) − Yi(0) | Di = 0, Zi = 1] ∈ [−1, 1] but do not use the
information that E[Yi(1)− Yi(0) | Di = 0, Zi = 1] = E[Yi(1) | Di = 0, Zi = 1]−E[Yi | Di = 0, Zi = 1] where the latter
term in this difference is identified.
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information that is available from an experiment. In the absence of additional information, any

assumptions on the treatment selection process - the unobserved process by which an agent chooses

to accept or reject an offer or treatment- may appear ad hoc or implausible. It is clear however that

understanding why an agent would choose to not accept treatment may offer important information

which can then be used to bound the ATE. Even a simple model explaining the treatment selection

process can have non trivial implications.

2.1 The Treatment Selection Process - A Simple Model

This section illustrates the importance of understanding the treatment selection process by describ-

ing a basic model determining when an agent chooses to accept an offer of treatment. Assignment

is still assumed to be random and uncorrelated with potential outcomes, and it is still assumed that

agents not assigned to treatment cannot receive it. Suppose that when an agent is offered treatment,

they form a belief about the potential benefits of treatment using any private information known

to them. This is assumed to be,

θei = E[Yi(1)− Yi(0) | Ii],

where Ii represents information known to agent i when they are offered treatment. For instance,

an agent may have a sense of what their outcome will be without treatment, or they may have

heard from others about the treatment’s efficacy. This information would be included in Ii. The

expectations operator in (9) is with respect to the true joint distribution of potential outcomes,

given Ii. This assumption is often labeled rational expectations. Now assume that an agent who is

offered treatment only accepts if they think it will be beneficial to do so:

Di = 1 {θei ≥ 0} . (9)

The compliance decision rule in (9) is very similar in structure to a sector selection rule used in a

Roy model of labor choice (see Roy [1951], Heckman and Honoré [1990]). However, a Roy model

would generally assume that agents know their exact potential outcomes Yi(1), Yi(0) and not just

their average difference, conditional on some information. Mourifié et al. [2020] considers an setup

as in (9) and some of the discussion which follows will mirror the observations therein. If the true

treatment effect for agent i is denoted θi = Yi(1)− Yi(0), then the following is true

θi = θei + νi,

where importantly,

E[νi | Ii] = 0.

The primary object of interest is the ATE or E[θi]. Recall from (7) that the ATE may be decomposed

into a part that is point identified from data and a part that is not. This simple setup already has

implications for the identified set for those components of the ATE which can only be partially
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identified. For instance, the model so far implies that:

E[θi | Di = 0, Zi = 1] = E[θi | θei < 0] = E[θei + νi | θei < 0].

The law of iterated expectations then delivers the following:

E[θi | Di = 0, Zi = 1] = E[θei + νi | θei < 0] = E[θei | θei < 0] + E
[
E[νi | Ii, θei < 0]

]
< 0, (10)

where the final inequality follows because the first object in the sum above is negative, and the

second object must be zero due to the properties of νi. Similarly, the decision rule in (9) implies:

E[θi | Di = 1, Zi = 1] = E[θi | θei ≥ 0] = E[θei | θei ≥ 0] + E
[
E[νi | Ii, θei ≥ 0]

]
≥ 0. (11)

Taken together, the two prior inequalities establish that if agents make their decision to participate

as in (9), then the average treatment effect must be non-negative for those agents who accepted

the offer for treatment while it must be non-positive for those who reject the offer of treatment.

Returning to the decomposition in (7), the following lower bound on the ATE still applies:

E[θi] ≥P(Di = 1 | Zi = 1) · θLATE − P(Di = 0 | Zi = 1), (12)

while the upper bound is reduced to:

E[θi] ≤P(Di = 1 | Zi = 1) · θLATE , (13)

where the conditional mean of non-compliers is bounded above by zero due to the relation in (10)

implied by the selection model in (9). This shows that imposing some structure to the selection

process implies tighter bounds on the ATE relative to the widest possible bounds derived under no

additional assumptions.

The definition in (9) is simple but not innocuous. The fact that there is no agent-specific

subscript for the expectations operator is important. It means each agent knows the population

level joint distribution of potential outcomes given their information Ii. This rules out a more

flexible notion of subjective expectations where an agent i could believe that the joint distribution

of potential outcomes is different from the true distribution. Nevertheless, the notion that an agent

makes their decision to accept treatment based on some private evaluation of the potential benefits

is not far fetched.

A far more important consequence of the simple selection model in (9) is that it has testable

implications for the LATE. Under the assumptions on treatment assignment and compliance main-

tained so far, the model implies the inequality in (11) which states that θLATE must be non-negative.

If the identified value of θLATE violates this, then the model must be rejected. This paper will derive

bounds on the ATE using a more general model which will rule out this possible incompatibility of

model with data while also leveraging the fact that some randomized trials often collect additional
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information from agents which may help to better understand the treatment selection process. It is

important to stress that testability of a model is a desirable feature in many settings. In the present

context, it will be important to have a model which cannot be falsified, in order to make progress.

This will involve adding an unobserved cost of compliance term in the decision rule of (9). As the

following discussion shows, this additional cost term is not just a modeling convenience – rather, it

is also motivated by observed data features.

2.2 Understanding Non-Compliance - the JTPA Study

Sometimes, a randomized trial has additional information which can be used to better understand

the treatment selection process. The model in (9) may be rejected by observed data - this suggests

that an agent’s decision to participate may be determined by a more complicated process. For

instance, the lower bound in (12) is derived under the implication that the average treatment effect

for agents who do not accept treatment is negative. However, this ignores the possibility that an

agent may base their decision to accept treatment on factors which are not directly related to the

treatment effect. For instance, suppose an agent faces a barrier to participation that is not related

to the impact of treatment in any way. This could be difficulty in commuting to the treatment site,

or an unforeseen medical emergency which incapacitates them for the duration of treatment. The

decision rule in (9) needs to be made richer but it is perhaps not immediately clear how to do so.

When designing a randomized trial, researchers can choose to follow up with non-complying agents

and ask them why they did not accept treatment. This information may then be used to inform the

choice of treatment selection model, and indeed this is exactly the manner of information collected

during the Job Training Partnership Act (JTPA) Study.

The study was commissioned in the late 1980’s to assess the benefits of training provided un-

der the JTPA to economically disadvantaged individuals and out of school youths with the aim

of improving their employment outcomes. Applicants who were eligible for assistance under the

program were randomly assigned to a treatment group, which was allowed access to the services of

the program, or to a control group, which was not. Non-compliance was prevalent and when agents

were contacted in follow up surveys, they were asked to provide reasons for why they did not choose

to accept treatment when they were eligible for it. Table 1 lists some of the common reasons given

by adult participants in the study who were assigned to the treatment arm but ultimately did not

receive any treatment.

Reason % of respondents

Took Job 18
Changed Mind 7
Needed Job 4

Transport Problem 3
Health Problem 2

Table 1: Reasons for non-compliance in the JTPA study.

9



The percentages shown in Table 1 correspond to the group of non-compliers who provided a

reason (this is approximately half the entire sample of non-compliers). Follow up interviews were

performed over the phone if possible, and in person if not. Table 1 does not list all possible answers

recorded in the follow up- this complete list and more details about the study can be found in the

empirical application section below (see Table 3).

The reasons for non-compliance in Table 1 appear to broadly fall into two groups - one group

of reasons indicates that the agent thought treatment would not be beneficial, while the second

indicates that the agent thought treatment would be useful but could not accept due to external

factors (e.g. medical emergency). This feature of the data effectively splits the non-compliers into

two categories, and it may be reasonable to assume that the average treatment effect should be

negative only for those non-complying agents who indicated that they felt treatment would not be

beneficial for them. This is a subset of agents who did not accept treatment. If PNB denotes the

probability of a non-complying agent reporting that they thought treatment would not be beneficial

(i.e. NB), then the lower bound in (12) would be,

P(Di = 1 | Zi = 1) · θLATE − PNB . (14)

This must be greater than the bound in (12) since PNB is at most P(Di = 0 | Zi = 1). Of course,

the result in (14) relies on the plausible but arbitrary assumption that the treatment effect is non-

positive for only a subset of those who did not receive treatment whereas the lower bound in (12)

followed from a more fundamental model for how agents decide to accept treatment. Information

such as that in Table 1 is typically not utilized in studies evaluating program impacts since it is

qualitative in nature and cannot be readily used in empirical analysis. To leverage the insight it

provides requires a model which explains an agent’s treatment selection decision, while accounting

for the different reasons an agent may choose to not comply. The following section describes such

a model. One immediate conclusion of the analysis here is that following up with non-complying

agents is a valuable part of any randomized trial and any auxiliary information which helps explain

the treatment selection process should be used in the analysis of treatment effects.

2.3 The Treatment Selection Process - Compliance Model

Motivated by the shortcomings implied by the decision rule in (9), a modified selection model is now

presented. A particularly problematic feature of the simple model of (9) was that it led to testable

implications which could potentially refute the model. Since the model was driven entirely by the

expected treatment effect, this suggests that an agent’s decision to participate is driven by more

than just an idea of the potential benefits of treatment. The reasons reported in Table 1 seems to

indicate that in some instances, agents do not accept an offer of treatment due to factors which are

not entirely related to the treatment itself. For example, not participating in treatment due to a

health problem does not reflect an applicant’s lack of belief in the potential gains from treatment.

Rather, it can be thought of as an unexpected shock, unrelated to treatment, which prevented the
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applicant from accepting.

With this observation, consider the decision problem of an applicant who has been assigned to

treatment. At the point of time when the assignment decision is made, the agent forms an idea of

the potential treatment effect. This individual specific notion of the benefit of treatment is denoted

θei . This is once again the expected treatment effect, conditional on an agent’s information set. In

addition, at the time of assignment, agents are also aware of any external cost Ci ∈ R which may

affect their ability to participate in treatment. Ci is not directly related to the potential benefits

from treatment but does impact whether or not an agent complies with their assigned treatment.

The following definition makes this explicit.

Definition INA (Information at Assignment): Agent’s information at the time an agent is

assigned to a treatment arm is denoted Ii and includes knowledge of the variable Ci.

The final decision to accept an offer of treatment is then based on whether or not the net

expected benefit exceeds zero:

Di = 1 {θei − Ci ≥ 0} . (15)

Neither θei nor Ci are observed in the data, though the assumption that agents know Ci at the

time they were assigned to treatment is important. The relevance of this timing assumption will be

revisited below. The fact that the unobserved cost variable is allowed to take on negative values is

also important. If this were not true and costs were non-negative then the following would be true,

Di = 1 ⇒ θei ≥ Ci ≥ 0.

If θei is assumed to be the same conditional mean treatment effect as in (9), then the decision rule

in (15) would once again imply that the identified LATE must be non-negative. Therefore, it is

necessary to allow negative cost values to prevent a model which is potentially refuted by data. A

negative cost value may be thought of as an incentive to accept treatment which is unrelated to the

treatment itself. For example, an out of work mother may be living with a family member who can

offer help with childcare, allowing the applicant to participate in treatment.

Simply adding the unobserved cost term does not lead to a particularly informative framework.

While the model need not produce implications which conflict with data, it may not lead to useful

insights for those features of the data generating process which cannot be identified or directly

observed. For example, the treatment effect conditional on not accepting treatment is now given

by:

E[Yi(1)− Yi(0) | Di = 0, Zi = 1] = E[θi | θei − Ci < 0], (16)

where the latter quantity is not restricted to be positive or negative without additional assumptions

on the joint distribution of model fundamentals, many components of which are unobservable. At

this stage, the identified set for the ATE is the same as when no selection model is imposed. This

is where the information in Table 1 can be used to enrich the model in a way that leads to tighter
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bounds on the ATE.

To this end, introduce a new variable Ri which can take on three distinct values. For applicants

who were assigned to treatment but did not accept, Ri can equal either zero or one. It is defined

to equal 1 if θei is negative, and it equals zero if θei is strictly positive. In the edge case where

θei exactly equals zero, Ri equals one based on the outcome of a tie breaking rule to be described

below. Ri is assumed to be missing for agents who were assigned to treatment and accepted, or were

assigned to the control group. Therefore Ri ∈ {0, 1, missing }. The variable Ri splits applicants

with Zi = 1, Di = 0 into two groups: those who did not think treatment would be useful, and those

who may have wanted to accept treatment but were unable to do so due to an external cost. Ri

is actually observed and the selection model is completed by specifying how underlying variables

define the observed values of Ri:

Zi · (1−Di) ·Ri ≡ Zi · 1 {θei < 0, θei < Ci}+ Zi · 1 {0 = θei < Ci} ·Bi,

Zi · (1−Di) · (1−Ri) ≡ Zi · 1 {0 < θei < Ci}+ Zi · 1 {0 = θei < Ci} · (1−Bi) (17)

where the variable Bi determines if an agent chooses to reject the offer of treatment when θei = 0.

Similar to Ri, the tie breaking variable is assumed to take one of three values {0, 1,missing}, where
Bi is defined to be missing for agents who comply with their assigned treatment. It is important

to account for the edge case of θei = 0 with a non-degenerate tie breaking rule to prevent situations

where the model cannot rationalize the observed distribution of outcomes. To illustrate, suppose

potential outcomes were binary, Yi ∈ {0, 1} is the observed outcome, θei = Yi(1) − Yi(0) and Bi in

(17) equals one almost surely. This is a situation where an agent knows their exact treatment effect

at the time of assignment. While improbable, this “perfect knowledge” assumption can be thought

of as an extreme version of the rational expectations formulation for θei used in the simple model of

(9). Now suppose observed data shows a group of non-complying agents for whom Ri equals zero

but for whom the observed outcome is 1. The definition of Ri in (17) would require:

1 = Zi · (1−Di) · (1−Ri) ⇒ θei > 0 ⇒ Yi(1) > Yi(0),

but this, in conjunction with the fact that the observed outcome is 1, would imply Yi(1) > 1 which

contradicts the assumption that outcomes are at most one. A more flexible tie breaking variable

which equals one with some probability strictly between zero and one would prevent this scenario.

Intuitively, the variable Bi captures agent heterogeneity in terms of their response to follow up

questions querying their reasons for non-compliance. Some agents who perceive no benefit from

treatment might subjectively feel that this was the deciding factor for not complying, while others

might feel that their idiosyncratic cost shock was what pushed them to reject treatment.

The new model defined by (15) and (17) naturally captures the two types of reasons reported

in Table 1. The relationship between the selection model in (15) and the average treatment effect

now rests on the properties of the unobserved variables (θei , Ci, Bi).
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2.4 Understanding Non-Compliance Revisited

Returning to the reasons for non-compliance reported in the JTPA study, it is useful to relate the

treatment selection process of (15) and (17) to what is observed in Table 1. The reported reasons

for non-compliance do not explicitly fall into two categories as specified in the model. However, it

can be argued that some of the reasons listed in Table 1 do indeed divide applicants into one of

two groups. For instance, consider those applicants who did not accept the offer of treatment and

reported the reason “took job”. Part of the assistance provided under the JTPA involved classroom

instruction - the applicant may have felt that the time commitment required for training under the

JTPA would not be offset by any potential gains in income. This suggests that they did not think

treatment was very beneficial and therefore, this would constitute a case when Ri = 1 as defined in

(17). Now consider an applicant who reported “changed mind”. The pool of potential applicants

who were part of the JTPA study all first applied for assistance under the program. Between the

time they applied to the program and the time they were offered treatment, an applicant may

have re-evaluated the potential benefits of the intervention. This is another example of when the

model would specify that Ri = 1. By contrast, an applicant who reported that they did not accept

treatment because of a transportation problem may not necessarily think that the program would

not be beneficial. The fact that they chose to specify a transportation problem as the reason for

non-compliance when they had the option to report a reason which may have indicated a lack

of confidence in the benefits of the program suggests that they would have accepted treatment

if they had easier access to it. The JTPA study did not explicitly ask applicant if they thought

the program would not be helpful and it is therefore necessary to divide non-compliers based on

hopefully reasonable arguments as in the discussion above. Future studies which do follow up with

applicants would benefit from adding such an option.

2.5 Identifying Restrictions

Equipped with a description of the treatment selection process, this section examines the identifying

power of the proposed model by revisiting the rational expectations assumption on how agents form

their beliefs about the potential benefits of treatment θei . Throughout the following two assumptions

are maintained.

Assumption IA (Independent Assignment) :Assignment to the treatment is independent

of the potential outcomes, the tie breaking variable, and an agent’s information set at the time of

treatment assignment i.e Zi ⊥ (Yi(1), Yi(0), Bi, Ii).
Assumption CT (Compliance Types) :Only agents assigned to treatment can receive treat-

ment.

Assumption IA says that agents were randomly assigned to the treatment or control arm of

the intervention, while CT rules out cases when an agent received treatment even if they were not

assigned to it. In other words, CT rules out the presence of always takers or defiers (i.e. received

treatment despite not being assigned to it) in the population of agents. The simple decision model

in (9) specified θei as the expected treatment effect given an applicant’s information at the time of
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being assigned to treatment. The object θei in (15) is identical and the following assumption states

it’s relationship with the true treatment effect.

Assumption RE (Rational Expectations) :Agents form an estimate of the treatment effect

at the time of assignment θei such that,

θi = θei + νi,

where E[νi | Ii] = 0, θi = Yi(1) − Yi(0) and Ii is an agent’s information set at the time they were

assigned to treatment as defined in INA.

The definition of θei in RE formalizes the discussion prior to defining the simple treatment

selection rule in (9). The unobserved cost shock Ci now ensures that the model is not refuted by

data. To see this, suppose assumptions IA, CT and RE hold and notice that the decision rule

specified by (15) and (17) implies.

E[θi | Di(1)−Di(0) = 1] = E[θi | θei ≥ Ci] = E[θei | θei ≥ Ci] + E[νi | θei ≥ Ci], (18)

where the final term above is zero by assumption RE and the definition of Ii as specified in INA.

The sign of the term E[θei | θei ≥ Ci] in (18) depends on the correlation between θei and Ci. Since no

assumptions are imposed on this joint distribution, the model implied version of the LATE need not

contradict the observed value θLATE . While this is encouraging, the more important implications

of this setup are for non-complying agents. For simplicity, the edge case when θei = 0 is ignored in

what follows - this simplifies some of the expressions but does not make substantial changes to the

results. Consider the average treatment effect for agents who did not accept an offer of treatment

and reported a reason for non-participation which indicated that they did not think treatment would

be beneficial for them.

E[θi | Ri = 1, Di = 0, Zi = 1] =E[θei | θei ≤ min{0, Ci}] ≤ 0, (19)

where the final inequality follows because assumption RE ensures E[νi | θi] = 0. Notice that the

inequality in (19) implies,

E[Yi(1) | Ri = 1, Di = 0, Zi = 1] ≤ E[Yi(0) | Ri = 1, Di = 0, Zi = 1] = E[Yi | Ri = 1, Di = 0, Zi = 1],

where the object on the right hand side may be identified from data. This is a non-trivial implication

of the model and reflects the intuition that if agents have an informed notion of the treatment effect,

then they should (on average) correctly report the fact that treatment would not be useful for them

if indeed this is true. A similar line of reasoning can be used to establish the next model implied

inequality:

E[Yi(1) | Ri = 0, Di = 0, Zi = 1] ≥ E[Yi(0) | Ri = 0, Di = 0, Zi = 1] = E[Yi | Ri = 0, Di = 0, Zi = 1].

(20)
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Taken together, the inequalities in (20),(19) and the decomposition in (7) deliver the following upper

bound on the ATE:

P(Di = 1 | Zi = 1) · θLATE+

P(Ri = 0, Di = 0 | Zi = 1) · (1− E[Yi | Ri = 0, Di = 0, Zi = 1]), (21)

where the second term utilizes the inequality in (19) to impose an upper bound of zero for the ATE

of agents who report a reason such that Ri = 1, and uses the inequality in (20) to impose an upper

bound of one for the average value of the outcome Yi(1) when Ri = 0. A lower bound for the ATE

is given by,

P(Di = 1 | Zi = 1) · θLATE−

P(Ri = 1, Di = 0 | Zi = 1) · E[Yi | Ri = 1, Di = 0, Zi = 1]. (22)

Notice that the upper and lower bounds in (21) and (22) are tighter than those in (8) in the sense

that the set of identified values for the ATE is now an interval of smaller length. In fact, the bounds

of (21) and (22) are the best possible since an appropriate choice for the distribution of θei and Ci

can lead to an exact ATE which equals the lower or upper bounds, respectively. To see this, notice

that the model and assumptions invoked thus far imply the following:

θLATE =E[θei | θei ≥ Ci]

E[θi | Ri = 1, Di = 0, Zi = 1] =E[θei | θei ≤ min{0, Ci}]

E[θi | Ri = 0, Di = 0, Zi = 1] =E[θei | 0 < θei < Ci] (23)

The first equality in (23) ties the model to the identified value of θLATE through an appropriate

choice of the joint distribution of the cost shock and an agent’s expected benefit of treatment,

conditional on the event θei ≥ Ci. By choosing a distribution such that E[θei | θei ≤ min{0, Ci}] is
zero and,

E[θei | 0 < θei < Ci] = 1− E[Yi | Ri = 0, Di = 0, Zi = 1],

the model implied ATE will coincide with the upper bound of (21). A data generating process such

that the ATE achieves the lower bound in (22) is one which satisfies the following conditions:

P(θei ≤ min{0, Ci}) = P(Ri = 1, Di = 1 | Zi = 1),

E[θei | θei ≤ min{0, Ci}] = −E[Yi | Ri = 1, Di = 0, Zi = 1]

P(0 < θei < Ci) = 0.

This shows the identifying power of the selection model and also establishes that the bounds at-

tainable are an improvement over having no model at all. The following proposition collects these

observations.
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Proposition 1: Suppose the treatment participation rule is given by (15), and the variable Ri is

specified as in (17). Suppose that the observed outcome lies in Y = [0, 1]. Under assumptions IA,

CT, RE the average treatment effect must lie in an interval defined by the following lower and upper

bounds:

P(Di = 1 | Zi = 1) · θLATE−

P(Ri = 1, Di = 0 | Zi = 1) · E[Yi | Ri = 1, Di = 0, Zi = 1],

P(Di = 1 | Zi = 1) · θLATE+

P(Ri = 0, Di = 0 | Zi = 1) · (1− E[Yi | Ri = 0, Di = 0, Zi = 1]). (24)

Moreover, the bounds in (24) are the best possible in the sense that a distribution of underlying

variables may be constructed such that the resulting ATE exactly equals the lower bound, upper

bound or any value in between.

Proposition 1 and the discussion so far has assumed no covariates, but it is often straightforward

to include them without substantially complicating the analysis. In particular, if data for a discrete

valued covariate Xi is available, then the entire discussion follows assuming that all implications

were derived conditional on Xi = x for some value x. The empirical application shown below

illustrates that conditioning on a discrete covariate vector is sometimes enough to gain valuable

insights. Proposition 1 and the discussion leading up to it has also been somewhat vague about

the role of the tie breaking variable Bi as specified in (17). The variable Bi is indeed necessary

to establish the sharpness of the identified set for the ATE in Proposition 1. The appendix also

considers identification when assumption RE is strengthened to one of perfect foresight in the spirit

of a standard Roy Model - in this case Bi ensures a model which is not falsifiable.

3 Empirical Application: The Job Training Partnership Act (JTPA)

Study

3.1 Study Design and Sample for Analysis

Title II-A of the Job Training Partnership Act of 1982 (JTPA) established a federally funded

assistance program which provided employment and training opportunities for disadvantaged adults

and out of school youths with the goal of reducing barriers to enter the labor force. In 1986, the

U.S. Department of Labor commissioned a study to measure the costs and benefits of the program

(hereafter referred to as the JTPA study) . The study involved applicant at 16 local JTPA programs

referred to as Service Delivery Areas (SDAs) and eventually comprised around twenty thousand

sample applicants. The SDAs in the study were volunteers and therefore did not represent a

random sample of all SDAs in the nation. However, there was random sampling of applicants

into a treatment and control group within the 16 SDAs which volunteered. During sample intake

at an SDA site staff would assess if an applicant was eligible for services under the JTPA and

would determine their employment and training needs. After this initial screening, applicants were
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randomly assigned to the treatment or control arm by study staff with 2/3 of all eligible applicants

assigned to treatment. Applicants in the treatment arm were allowed to enroll in the recommended

service strategy while control group applicants were not allowed to apply for assistance under the

JTPA for 18 months.

At the conclusion of the 18 month study period, applicant were contacted for a follow up survey

where key outcome data was collected. This outcome data includes periods of employment, wages,

and hours worked. A second follow up survey was also conducted to account for applicants who

could not be reached during the first follow up. The analysis here is based on data from 11,204

applicants - it includes information for any applicant successfully reached during the follow ups, and

excludes information for youths (applicants aged between 16 and 21). Additional details regarding

sampling design and the follow ups may be found in Bloom et al. [1997] and Bloom et al. [1993].

3.2 Non-Compliance

The design of the JTPA study closely follows that of a randomized trial, apart from the fact that

SDAs were not randomly chosen. As in many other randomized trials, not every applicant who

was allowed to enroll in the JTPA actually complied with their assigned treatment status. Table

2 shows that 2,683 of the 7,487 applicants assigned to treatment did not go on to actually receive

treatment.

Trained Not Trained Total

Assigned to Treatment 4,804 2,683 7,487
Assigned to Control 54 3,663 3,717

Total 4,868 6,346 11,204

Table 2: Treatment assigned and treatment received status for adult applicants in the JTPA study.

The data has a small number of applicants who were assigned to control but received treatment

regardless. Given the extremely small size of this sub-population (approximately 1% of all applicants

who received treatment), they can be ignored with relatively little impact on the analysis. As such,

assumption compliance types (CT) still applies.

3.3 Auxiliary Information in the Follow up Surveys

The follow up surveys in the JTPA study explicitly asked applicants who were assigned to treatment

but did not enroll in the JTPA why they chose to do so. During follow up interviews, applicants who

did not participate in JTPA training when they were assigned to the treatment group were asked

to choose a reason from a pre-specified list of reasons. These non-complying applicants were asked

to list three reasons in descending order of importance and were allowed to not report a reason, or

indicate that the list of reasons did not contain an appropriate choice. Table 3 displays the primary

reason reported for non-compliance. A significant number of applicants did not report a reason but

the list of reasons is fairly exhaustive.
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Reasons Female Male Total

Missing 779 737 1,516
No Choice 41 21 62

Changed Mind 48 41 89
Took Job 96 108 204
Needed Job 24 28 52

Entered Other School 26 7 33
Transport Problem 19 13 32

Drug/Alcohol Problem 0 2 2
Family Problem 30 9 39
Health Problem 16 14 30

Jail 2 9 11
Other Inst. 1 2 3
Moved 19 9 28

Pregnant 12 0 12
Child Care 16 1 17
Can’t afford 5 8 13

Family disallow 4 0 4
Not Chosen 80 79 159

Other 182 194 376

Total 1,401 1,282 2,683

Table 3: Primary Reason for non compliance reported across both follow up surveys.

The pattern of missing values in Table 3 needs to be accounted for since the formal analysis does

not explicitly account for missing values. For the empirical application, reasons for non compliance

are assumed to be missing at random. The definition of a variable being missing at random is

as defined in Rubin [1976]. This does not mean that whether or not an observation is missing is

completely independent of all other observable and unobservable variables. Rather, it means that

while there may be systematic differences between missing and observed values of the stated reasons

for non-compliance, these differences can be explained by other observed variables. For example,

suppose outcomes are binary and can only take on the values 0,1 and let Oi ∈ {0, 1} equal 1 if

applicant i = 1, 2, ..n reported a reason for non-compliance. Oi can be arbitrary for applicants

who were not assigned to treatment or who accepted the offer of treatment. The assumption that

reasons for non-compliance are missing at random implies:

P(Y = 1 | R = 1, O = 1, D = 0, Z = 1, X) = P(Y = 1 | R = 1, D = 0, Z = 1, X).

If X can only take on finitely many values, the above equality states that reasons for non-compliance

are missing completely at random within each strata of the population defined by the value of X.

Since the assumption that reasons for non-compliance is missing at random is not testable, it must

be justified based on the particulars of the experiment.

The information in Table 3 is the basis for the variable R in the analysis.
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Definition of variable R: For applicants who reported a reason for non-compliance, R equals one

if the reported reason is one of : (i) Changed Mind, (ii) Took Job, (iii) Needed Job. It is zero

otherwise.

Observations for applicants who reported jail are removed from the analysis because it is difficult to

interpret in the context of the model described above. Being incarcerated for any amount of time

may be thought of as an infinitely costly barrier to participation. The missing at random assumption

implies all relevant finite sample quantities which involve the variable R can be estimated using only

those observations for which a reported reason is available.

Note on interpretation of R: The translation of the information in Table 3 to a binary variable

R involves several caveats. First of all, the list of reasons are not well documented - exactly what

constitutes a difference between “took job” and “needed a job” is not known. Considering applicants

who reported other reasons in the group defined by R = 0 may be difficult to justify. However,

considering that applicants chose to not report that they changed their mind or took a job indicates

that the reason for not accepting treatment may be that the applicant thought training would have

been beneficial to improve their employment prospects. Of course it may be that the applicant

did not think the JTPA would be helpful but none of the listed reasons exactly aligned with that

assessment.

3.4 Outcomes of Interest and Empirical Results

The objective of training under the JTPA was to improve an applicant’s ability to find gainful

employment, and there are several outcomes of interest that may be considered. The empirical

results here will consider the following outcomes: (i) whether or not an applicant had managed

to secure employment within 12 months of the treatment, (ii) number of months an applicant

was employed, (iii) earnings of an applicant, and (iv) maximum number of consecutive months an

applicant was employed. The latter three of these outcomes were recorded over a period of 30

months post assignment to treatment and are aggregated.

Whether or not an applicant was able to find a job following treatment is a preliminary indication

of program efficacy. The period immediately following treatment is when the benefits of the JTPA

are the easiest to communicate to potential employers. During this time, it is more likely that an

applicant will retain any information learned during classroom training received under the program.

If the treatment involved help with the job search directly, then this outcome is a direct measure of

whether or not applicants benefited. Table 5 presents various measures of the treatment effect. As

mentioned above, the local average treatment effect is a causal object which measures the impact

of treatment on the sub-population of compliers i.e.agents who would accept treatment if they were

assigned to the treated group. The methods of this paper deliver bounds on the average treatment

effect. These are compared against the worst case bounds and the local average treatment effect.

The worst case bounds can be derived without any selection model, and is equivalent to bounds

under the selection model of (15) when the variable Ri is not observed. It requires only assumptions

IA, CT and that outcomes be bounded. Bounds implied by the falsifiable model are not considered

19



here because this simple model precludes the possibility that θei < 0. However, the JTPA study

has significant observations where agents reported a reason which suggested they did not think the

program would be useful. Table 4 displays some key probabilities estimated from the data. Non-

compliance is a substantial issue throughout, and there is a non-trivial proportion of agents who

reject the offer of treatment and report Ri = 1. Table 5 displays identified bounds and the LATE

Description N P̂(Di = 1 | Zi = 1) P̂(Ri = 1, Di = 0 | Zi = 1) P̂(Ri = 0, Di = 0 | Zi = 1)

Overall 10826 0.65 0.05 0.30

No income
Age < 30

Did not graduate HS 506 0.69 0.04 0.27

Graduated HS 541 0.66 0.05 0.29

Age ≥ 30
Did not graduate HS 656 0.58 0.06 0.36

Graduated HS 870 0.72 0.02 0.26

Pos. income
Age < 30

Did not graduate HS 1363 0.60 0.06 0.34

Graduated HS 2396 0.67 0.06 0.27

Age ≥ 30
Did not graduate HS 1651 0.60 0.07 0.33

Graduated HS 2843 0.66 0.05 0.29

Table 4: Estimated probabilities.

for the overall sample, and for subsets of the data set based on agents’ pre-treatment characteristics.

When conditioning on covariates, agents are divided into mutually exclusive groups based on their

pre-treatment income, age and education level.

Description N ITT LATE Worst Case Model Bounds

Overall 10826 0.01 0.02 [ -0.25 , 0.10 ] [ -0.03 , 0.09 ]

( 0.00 , 0.03 ) ( 0.00 , 0.05 ) ( -0.27 , 0.11 ) ( -0.05 , 0.10 )

No income
Age < 30

Did not graduate HS 506 -0.02 -0.04 [ -0.20 , 0.11 ] [ -0.05 , 0.09 ]

( -0.11 , 0.06 ) ( -0.16 , 0.09 ) ( -0.27 , 0.18 ) ( -0.12 , 0.16 )

Graduated HS 541 0.12 0.18 [ -0.13 , 0.20 ] [ 0.07 , 0.20 ]

( 0.04 , 0.20 ) ( 0.05 , 0.30 ) ( -0.21 , 0.27 ) ( 0.00 , 0.27 )

Age ≥ 30
Did not graduate HS 656 0.04 0.07 [ -0.18 , 0.24 ] [ 0.01 , 0.22 ]

( -0.04 , 0.12 ) ( -0.07 , 0.20 ) ( -0.24 , 0.30 ) ( -0.06 , 0.28 )

Graduated HS 870 0.05 0.07 [ -0.11 , 0.17 ] [ 0.03 , 0.17 ]

( -0.02 , 0.12 ) ( -0.02 , 0.17 ) ( -0.17 , 0.23 ) ( -0.03 , 0.23 )

Pos. income
Age < 30

Did not graduate HS 1363 0.03 0.04 [ -0.31 , 0.09 ] [ -0.03 , 0.09 ]

( -0.02 , 0.07 ) ( -0.03 , 0.11 ) ( -0.35 , 0.12 ) ( -0.07 , 0.12 )

Graduated HS 2396 0.01 0.01 [ -0.28 , 0.05 ] [ -0.05 , 0.05 ]

( -0.02 , 0.04 ) ( -0.03 , 0.05 ) ( -0.30 , 0.07 ) ( -0.07 , 0.07 )

Age ≥ 30
Did not graduate HS 1651 -0.02 -0.03 [ -0.31 , 0.09 ] [ -0.07 , 0.07 ]

( -0.05 , 0.02 ) ( -0.09 , 0.04 ) ( -0.35 , 0.11 ) ( -0.10 , 0.10 )

Graduated HS 2843 -0.01 -0.01 [ -0.28 , 0.06 ] [ -0.05 , 0.06 ]

( -0.04 , 0.02 ) ( -0.05 , 0.03 ) ( -0.30 , 0.08 ) ( -0.08 , 0.08 )

Table 5: Treatment effect on whether an agent found a job within a year of treatment. Agents
split into groups based on earnings in year prior to treatment, whether or not they graduated high
school, and their age. (95% CIs in parentheses).
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Table 5 shows an overall positive LATE - as such, the model without an unobserved cost is not

rejected. None of the displayed identified sets can rule out the possibility that treatment had no

impact. Conditioning on agent characteristics shows that the conditional LATE may be negative, in

which case the model without cost is indeed the wrong selection process to use. More importantly,

while the widest possible bounds cannot rule out no treatment effect, the selection model with cost

can lead to an unambiguous treatment effect for sub-sets of the population. For example, the model

implies a positive treatment effect for agents who had no earnings in the year prior to treatment

and were at least thirty years of age.

Having managed to secure a job, the next aspects of employment to analyze is whether or not

an applicant manages to retain their position and how much of an impact treatment had on their

earnings. Job stability and wages are both important outcomes for those who are particularly

economically disadvantaged, perhaps more so if an applicant has been out of the labor force for

considerable amounts of time prior to approaching JTPA services. Job stability is difficult to capture

in a single measure so the analysis below considers two different measures. The average number

of months an applicant is employed is an obvious measure to consider. However, the number of

months an applicant is employed may hide troubling patterns. Two applicants may have managed

to find work for an equal number of months in the thirty month period post treatment, but one may

have been forced to look for new employers more frequently than the other. This would mean that

conditional on having worked for the same amount of time, one applicant did not have as much job

stability as another. One way to account for job stability is to analyze the number of consecutive

months an applicant was employed. Table 6 reports figures for the treatment effect on the number of

months an applicant was employed post the treatment period, while Table 7 replicates the analysis

for the maximum number of consecutive months an agent was employed post the treatment period.

As before, Tables 6 and 7 show that asking agents why they chose not to comply can be valuable.

Though the selection model is rarely able to exclude zero from the identified set, it does occasionally

identify subgroups of agents for whom the treatment is unambiguously beneficial (up to estimation

error). Table 6 shows that the JTPA led to greater hours worked for high school graduates who

were at most 30 years old at the time of treatment, and failed to earn any income in the twelve

months prior. Table 7 suggests the same, and also shows that applicants who did not graduate high

school, were at least 30 years old, and did not earn any income in the year prior to the treatment

assignment decision benefited from the JTPA.

A deeper look at the total months employed and maximum consecutive months employed shows

that treatment may have shifted the the distribution of outcomes - this is a more complicated pattern

of change than a simple mean shift in outcomes. Figure 1 displays histograms for these outcomes by

an applicant’s treatment arm and, in particular, shows that the probability of an applicant failing

to find employment post treatment is lower for applicants assigned to treatment. In addition, the

probability that an applicant was employed for the full 30 months is higher in the treatment group.

These are observations about the impact of an offer of training under the JTPA, not the impact of
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Description N ITT LATE Worst Case Model Bounds

Overall 10826 0.56 0.87 [ -4.81 , 5.71 ] [ -0.48 , 5.11 ]

( 0.14 , 0.98 ) ( 0.21 , 1.52 ) ( -5.19 , 6.09 ) ( -0.85 , 5.48 )

No income
Age < 30

Did not graduate HS 506 0.18 0.26 [ -2.87 , 6.37 ] [ -0.51 , 4.36 ]

( -1.64 , 1.99 ) ( -2.38 , 2.89 ) ( -4.37 , 7.86 ) ( -2.04 , 5.85 )

Graduated HS 541 1.97 2.96 [ -2.93 , 7.12 ] [ 1.04 , 6.37 ]

( 0.03 , 3.91 ) ( 0.03 , 5.89 ) ( -4.62 , 8.79 ) ( -0.59 , 8.05 )

Age ≥ 30
Did not graduate HS 656 1.01 1.75 [ -2.68 , 9.93 ] [ -0.08 , 6.58 ]

( -0.63 , 2.66 ) ( -1.07 , 4.57 ) ( -4.06 , 11.29 ) ( -1.46 , 7.95 )

Graduated HS 870 0.23 0.32 [ -2.50 , 5.91 ] [ -0.21 , 4.18 ]

( -1.40 , 1.86 ) ( -1.94 , 2.59 ) ( -3.87 , 7.28 ) ( -1.58 , 5.55 )

Pos. income
Age < 30

Did not graduate HS 1363 0.62 1.03 [ -5.7 , 6.21 ] [ -0.55 , 5.78 ]

( -0.58 , 1.81 ) ( -0.95 , 3.01 ) ( -6.77 , 7.27 ) ( -1.58 , 6.82 )

Graduated HS 2396 0.39 0.58 [ -5.67 , 4.15 ] [ -0.75 , 4.50 ]

( -0.45 , 1.23 ) ( -0.66 , 1.83 ) ( -6.44 , 4.92 ) ( -1.48 , 5.25 )

Age ≥ 30
Did not graduate HS 1651 0.86 1.42 [ -5.03 , 6.87 ] [ -0.48 , 5.87 ]

( -0.20 , 1.91 ) ( -0.32 , 3.17 ) ( -5.99 , 7.82 ) ( -1.37 , 6.83 )

Graduated HS 2843 0.09 0.13 [ -5.63 , 4.54 ] [ -0.89 , 4.50 ]

( -0.73 , 0.90 ) ( -1.10 , 1.36 ) ( -6.35 , 5.26 ) ( -1.61 , 5.20 )

Table 6: Treatment effect on number of months worked. Agents split into groups based on earnings
in year prior to treatment, whether or not they graduated high school, and their age. (95% CIs in
parentheses)

treatment itself. The selection model can be used to bound the treatment effect on whether or not

an applicant will be unemployed (or continuously employed) following the treatment period.

Figure 1: Histograms for number of months employed (left) and maximum consecutive months
employed (right) by whether or not applicant was assigned to treatment.

To analyze the impact of treatment on the entire distribution of outcomes, the selection model

can be used to derived bounds on the shift in the distribution function of an outcome. Fix any
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Description N ITT LATE Worst Case Model Bounds

Overall 10826 0.55 0.85 [ -4.21 , 6.31 ] [ -0.40 , 5.62 ]

( 0.13 , 0.97 ) ( 0.20 , 1.50 ) ( -4.58 , 6.69 ) ( -0.76 , 5.98 )

No income
Age < 30

Did not graduate HS 506 0.64 0.93 [ -1.96 , 7.28 ] [ 0.01 , 5.30 ]

( -1.00 , 2.28 ) ( -1.45 , 3.31 ) ( -3.31 , 8.62 ) ( -1.37 , 6.63 )

Graduated HS 541 1.66 2.49 [ -2.63 , 7.43 ] [ 0.82 , 6.56 ]

( -0.25 , 3.56 ) ( -0.38 , 5.36 ) ( -4.23 , 9.02 ) ( -0.77 , 8.17 )

Age ≥ 30
Did not graduate HS 656 1.20 2.07 [ -2.01 , 10.59 ] [ 0.20 , 7.41 ]

( -0.32 , 2.72 ) ( -0.52 , 4.67 ) ( -3.30 , 11.86 ) ( -1.07 , 8.68 )

Graduated HS 870 0.04 0.05 [ -2.37 , 6.04 ] [ -0.37 , 4.43 ]

( -1.59 , 1.67 ) ( -2.21 , 2.31 ) ( -3.74 , 7.40 ) ( -1.73 , 5.80 )

Pos. income
Age < 30

Did not graduate HS 1363 0.48 0.79 [ -4.91 , 7.00 ] [ -0.59 , 6.22 ]

( -0.70 , 1.65 ) ( -1.16 , 2.74 ) ( -5.95 , 8.03 ) ( -1.60 , 7.24 )

Graduated HS 2396 0.32 0.48 [ -5.08 , 4.74 ] [ -0.71 , 4.90 ]

( -0.55 , 1.20 ) ( -0.82 , 1.78 ) ( -5.86 , 5.51 ) ( -1.47 , 5.66 )

Age ≥ 30
Did not graduate HS 1651 0.93 1.54 [ -4.26 , 7.64 ] [ -0.29 , 6.51 ]

( -0.11 , 1.97 ) ( -0.18 , 3.25 ) ( -5.19 , 8.56 ) ( -1.16 , 7.44 )

Graduated HS 2843 0.14 0.21 [ -5.06 , 5.11 ] [ -0.76 , 5.05 ]

( -0.70 , 0.97 ) ( -1.05 , 1.47 ) ( -5.78 , 5.82 ) ( -1.48 , 5.76 )

Table 7: Treatment effect on maximum number of consecutive months agent was employed. Agents
split into groups based on earnings in year prior to treatment, whether or not they graduated high
school, and their age. (95% CIs in parentheses)

value y ∈ {0, 1, ..., 30} and consider the following difference,

P(Yi(1) ≤ y)− P(Yi(0) ≤ y).

If this difference is negative, then it implies that the distribution of Yi(1) is “shifted” to the right,

relative to the distribution of Yi(0) i.e. the probability that Yi(1) is higher than y is greater than

the probability that Yi(0) is higher than y. Taken together, this means that the mean value of Yi(1)

is greater than that of Yi(0) i.e. the ATE is positive. Figure 2 displays the distribution treatment

effect on these outcomes and shows that treatment may not have had a positive impact on either

outcome from Tables 6 and 7. The local average treatment effect implies a rightward shift in the

distribution of Yi(1) for complying agents, which seems to align with the observations from Figure

1 but bounds on the treatment effect do not rule out the possibility of a negative distributional

treatment effect. The appendix replicates these figures for sub-groups of applicants.

One potential issue when estimating distributional treatment effects is that the data in Figure 1

for months employed appears to show peaks at every 3 month period of the post treatment phase.

This is most likely due to how data for the number of months employed was recorded. For example,

agents were asked how much they had earned over a particular quarter year, and how many months

they had worked to earn it - the data suggests that if an agent reported being employed for a full

quarter, the survey taker simply divided their earnings evenly across three months. Idiosyncrasies of

data entry such as this are sure to have an impact on estimates of the treatment effect on whether or
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Figure 2: Distributional treatment effect for applicants who had graduated high school, were aged
less than 30, and had no prior income during the year prior to assignment.

not an agent was employed for a certain number of months. This problem should be less pronounced

for the treatment effect on total months employed.

The final measure of program efficacy is ex-post earnings. Table 8 displays results for this out-

come. The scale of this outcome is somewhat different relative to those considered above. Unlike

previous outcomes, there is no known upper limit ot how much an applicant can earn so an appro-

priate limit must be chosen by the researcher. Since there are applicants who reported considerably

higher amounts than the mean or median income earnings, the upper bound of the identified sets

can be quite high relative to the lower bound. This is because the upper limit for earnings affects

the upper limit of the treatment effect for non-complying agents, and an appropriate upper bound is

necessarily one which exceeds the maximum observed earnings. The simple decision model without

Ci has much lower upper bounds because the average treatment effect for non complying agents is

at most zero under this model. However, this simple model is also seemingly rejected by the data

since it implies a positive local average treatment effect which turn is contradicted by the negative

value observed for some sub-groups of agents.

Interestingly, Table 8 shows that the selection model with cost implies a positive lower bound for

the average treatment effect for the overall sample of agents. This is not so for the other outcomes

considered above. Indeed the ATE is estimated to be positive for quite a few sub-sets of agents.

The treatment effect of training on the distribution of a continuously distributed variable such

as earnings can be analyzed in greater detail than is presented in Table 8 which only provides

information about the mean impact of training. For example, let Ei denote the observed earnings

for agent i with corresponding potential outcomes Ei(1), Ei(0) which are assumed to lie in [0, y].

Consider the following binary variables,

Yi(1) = 1 {Ei(1) ≤ y} , Yi(0) = 1 {Ei(0) ≤ y} for y ∈ [0, y].

The binary variable Yi = Yi(1) ·Di + Yi(0) · (1−Di) now indicates if the observed earnings for an
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Description N ITT LATE Worst Case Model Bounds

Overall 10826 1.13 1.74 [ -3.58 , 24.47 ] [ 0.09 , 21.16 ]

( 0.53 , 1.73 ) ( 0.82 , 2.66 ) ( -4.09 , 24.97 ) ( -0.42 , 21.66 )

No income
Age < 30

Did not graduate HS 506 1.08 1.56 [ -1.04 , 23.61 ] [ 0.97 , 20.82 ]

( -1.08 , 3.23 ) ( -1.55 , 4.67 ) ( -2.81 , 25.37 ) ( -0.84 , 22.58 )

Graduated HS 541 2.07 3.11 [ -1.49 , 25.25 ] [ 1.35 , 22.06 ]

( -0.45 , 4.59 ) ( -0.68 , 6.9 ) ( -3.63 , 27.37 ) ( -0.76 , 24.2 )

Age ≥ 30
Did not graduate HS 656 1.11 1.92 [ -1.41 , 32.37 ] [ 0.57 , 28.25 ]

( -0.75 , 2.97 ) ( -1.29 , 5.12 ) ( -2.93 , 33.88 ) ( -0.98 , 29.77 )

Graduated HS 870 -0.37 -0.52 [ -2.26 , 20.13 ] [ -0.67 , 18.54 ]

( -2.18 , 1.44 ) ( -3.03 , 1.99 ) ( -3.78 , 21.65 ) ( -2.18 , 20.06 )

Pos. income
Age < 30

Did not graduate HS 1363 1.92 3.18 [ -3.29 , 28.45 ] [ 0.81 , 24.64 ]

( 0.27 , 3.57 ) ( 0.43 , 5.93 ) ( -4.62 , 29.78 ) ( -0.59 , 25.96 )

Graduated HS 2396 1.16 1.72 [ -4.54 , 21.54 ] [ -0.16 , 18.08 ]

( -0.16 , 2.47 ) ( -0.23 , 3.67 ) ( -5.64 , 22.63 ) ( -1.27 , 19.17 )

Age ≥ 30
Did not graduate HS 1651 1.15 1.91 [ -3.69 , 27.96 ] [ -0.07 , 23.68 ]

( -0.32 , 2.63 ) ( -0.52 , 4.34 ) ( -4.93 , 29.19 ) ( -1.28 , 24.94 )

Graduated HS 2843 0.79 1.20 [ -4.79 , 22.42 ] [ -0.44 , 19.56 ]

( -0.47 , 2.05 ) ( -0.71 , 3.10 ) ( -5.85 , 23.47 ) ( -1.51 , 20.61 )

Table 8: Treatment effect on earnings (in ’000s) post treatment. Agents split into groups based
on earnings in year prior to treatment, whether or not they graduated high school, and their age.
(95% CIs in parentheses)

agent is less than the value y. The analysis of the previous sections can now be applied to measure

the impact of training under the JTPA on the entire distribution of earnings. For example, given a

value y ∈ [0, y], the average treatment effect for outcome Yi may be defined as,

ATE = P(Yi(1) ≤ y)− P(Yi(0) ≤ y).

A distribution level treatment effect is of course more informative than a mean impact. Indeed if

the ATE as defined above is negative for all possible values y ∈ [0, y] then the mean treatment effect

must be positive. Intuitively, a negative treatment effect on the distribution of outcomes means

the distribution function of the outcome under treatment is pushed out to the right relative to the

distribution function for the outcome without treatment. This means the probability of attaining

a higher outcome is greater under treatment. Figure 3 displays upper and lower bounds for the

distribution of earnings under treatment for the full sample of individuals. The figure plots the

distribution of earnings for agents in the control group and compares it against the distribution

of earnings under treatment. Since assignment to treatment was independent in the JTPA study

(i.e. assumption (IA)) the distribution of the observed earnings of agents in the control group is

equivalent to the distribution of potential earnings without treatment.

Figure 3 shows that the model significantly tightens the upper bound for the treatment effect.

This ties in with the results of Table 8. The LATE for mean earnings is positive at all points of

the distribution but the upper and lower bounds in Figure 3 show that this can be misleading.
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Figure 3: Treatment effect on the distribution of earnings (in ’000s).

Surprisingly, it appears that the treatment effect is more pronounced and positive at higher ends of

the income distribution implying that greater earners possibly benefited more from training. This

relationship is potentially obscuring a number of factors. For example, agents with greater education

pre-treatment are more likely to earn more and also stand to gain the most from classroom training

under the JTPA due to their greater educational attainment. A combination of these features

might manifest as a positive lower bound for the treatment effect on the distribution of income at

the upper end of the distribution.

Deriving distribution treatment effects on a subsets of the study participants shows that training

impacts agents differently based on their pre-treatment characteristics - this conforms with the

results in Table 8 For example, Table 8 identifies a positive treatment effect on earnings for agents

who were aged at least thirty at the time of assignment but did not graduate high school, as

opposed to if they did graduate high school. Figure 4 shows that these mean impacts aggregate

over significant differences.

4 Extension: Identification with Parametric Assumptions on Cost

No assumptions have been made on the distribution of the unobserved cost variable Ci and in

this section I derive additional restrictions on the identified set for the ATE if such assumptions

are made. Suppose the distribution of the unobserved Ci is assumed to be known up to a finite

dimensional parameter µ ∈ Rc. For the sake of simplicity, the discussion here will assume that cost

is uniformly distributed Ci ∼ U [l, u] for fixed, finite values l, u ∈ R. It is assumed that the interval

26



Figure 4: Treatment effect of training under JTPA on the distribution of earnings (in ’000s) for
agents who were aged at least 30 years, and reported no income in the year prior to time assignment.

[l, u] contains at least all possible values of the difference in potential outcomes Yi(1)− Yi(0). If G

denotes the distribution function of cost, then notice that the following functions are both convex,

G(x)

1−G(x)
=
x− l

u− x
,

1−G(x)

G(x)
=
u− x

x− l
,

for values x ∈ (l, u). This feature is a key property which will deliver useful identifying restrictions

from the treatment selection model of (15). Many studies have exploited such convexity properties

to derive identifying restrictions - notably Dickstein and Morales [2018] employ such assumptions

to tackle a similar problem involving a firms decision to enter a foreign market. To illustrate the

argument, suppose assumptions IA, CT and RE hold and that the cost shock is independent of

all other model variables. Consider the probability that an agent assigned to treatment actually

accepts the offer. The decision rule of (15) requires that agents accept only if the net expected

benefit from treatment at the time of assignment is non-negative,

P(Di = 1 | Zi = 1) = P(Ci ≤ θei ) = E
[
θei − l

u− l

]
= E[G(θei )] (25)

where the final expectations operator above averages over the distribution of agent information sets

Ii. Notice the following,

E
[
θei − l

u− θei

]
≥ E

[
θei − l

u− θei
· (1−Di)

]
= E

[
G(θei )

1−G(θei )
· E [1−Di | Ii]

]
= E[G(θei )]. (26)

The final equality above follows from the model specification of Di. This observation establishes

the following link between the model implied value of the probability of complying with assignment
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to treatment, and its identified value,

P(Di = 1 | Zi = 1) ≤ E
[

G(θei )

1−G(θei )

]
= E

[
θei − l

u− θei

]
.

This inequality connects agents’ subjective expectation of the possible treatment effect with the

observed probability of an agent accepting the offer of treatment. However, it does not directly

connect the distribution of potential outcomes (Yi(1), Yi(0)) with an identified quantity. This is

where the convexity of the function x 7→ G(x)/(1 − G(x)) is useful. Since the object θei is defined

as a (conditional) mean value in assumption RE, an application of Jensen’s inequality establishes,

P(Di = 1 | Zi = 1) ≤ E
[
E[Yi(1)− Yi(0) | Ii]− l

u− E[Yi(1)− Yi(0) | Ii]

]
≤ E

[
Yi(1)− Yi(0)− l

u− Yi(1) + Yi(0)

]
, (27)

where the final object above involves only the distribution of potential outcomes, and the known

parameters u, l. This follows regardless of what lies in an agent’s information set Ii. Different

agents may have distinct sets of private information which they use when forming their expected

treatment effect θei as defined in RE. A similar argument can be used to establish,

P(Di = 0 | Zi = 1) ≤ E
[
u− Yi(1) + Yi(0)

Yi(1)− Yi(0)− l

]
, (28)

by relying on the convexity of the function x 7→ (1 − G(x))/G(x). These inequalities provide

binding restrictions on the distribution of potential outcomes. For example, any joint distribution

of potential outcomes conformable with the observed data must satisfy the restrictions in (27) and

(28), and any such valid distribution leads to a candidate identified value for the ATE.

The discussion above is encouraging in that it describes a potential method by which the un-

observed joint distribution of potential outcomes can be related to identified quantities. While the

assumptions on the distribution of cost is particularly strong, the specific requirement that cost is

uniformly distributed can be weakened as long as the chosen distribution has the necessary convex-

ity properties. In principle, this class of possible distributions for Ci is very large, but empirical

tractability will often restrict the choice of distribution. Outcome information is also not used in

inequalities (27), (28) but this is for ease of exposition. The complete list of model related restric-

tions on the joint distribution of potential outcomes presented below does use data for observed

outcomes.

Unlike the discussion involving rational expectations (RE), the inequalities in (27) and (28) do

not directly involve the ATE. As a consequence, the identified set for the average treatment effect

does not have an explicit upper and lower bound as in proposition 1. Instead, it is possible to derive

a complete list of model implied restrictions which implicitly define a set of joint distributions for

the potential outcomes which are conformable with data. Each member of this implicitly defined

set may be used to define an identified value for the ATE. Before stating this identification result,

the following assumption first states the exact conditions on a candidate class for the distribution
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of the unobserved cost term.

Assumption Independent Cost (IC) :The cost variable Ci is independent of all other vari-

ables, has support C and its distribution is characterized by a distribution function G such that the

following are convex,

x 7→ G(x)

1−G(x)
, x 7→ 1−G(x)

G(x)
,

for any x ∈ Int(C).
An immediate consequence of the convexity requirements in assumption IC is that the cost

variable must be continuously distributed. Such a restriction wasn’t necessary under the rational

expectations (RE) framework. IC also meaningfully restricts the class of admissible distributions

beyond just requiring them to be continuous. For example, not all parameterizations of a Beta

distribution satisfy the convexity requirements of IC (e.g. the distribution function of a variable

X ∼Beta(0.1, 0.1) will violate IC). Nevertheless, many commonly used parametric families do sat-

isfy this assumption - for example, the Normal, Cauchy and uniform distributions all possess the

necessary convexity properties.

The following proposition describes conditions on the joint distribution of potential outcomes

(Yi(1), Yi(0)) which must be satisfied when the cost variable is assumed to follow a distribution

G which possesses the convexity requirements in IC.

Proposition 2: Suppose IA, CT, RE, IC hold and potenial outcomes lie within Y = [0, 1]. The

following relations must then be true for any y ∈ [0, 1]:

P (Yi(1) ≤ y)1/2 · E

[(
G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

)2
]1/2

≥ P (Yi ≤ y,Di = 1 | Zi = 1) ,

P (Yi(0) ≤ y)1/2 · E

[(
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

)2
]1/2

≥ P (Yi ≤ y,Di = 0 | Zi = 1) ,

E
[

G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

]
≥ P(Di = 1 | Zi = 1),

E
[
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

]
≥ P(Di = 0 | Zi = 1),

P(Yi(0) ≤ y) = P(Yi ≤ y | Zi = 0). (29)

Moreover, the average treatment effect implied by any joint distribution of potential outcomes

(Yi(1), Yi(0)) which satisfies the relations in( 29) must lie within the upper and lower bounds defined

in display (24) of Proposition 1.

The conditions in (29) all relate a model implied quantity to an identified value. Proposition 2 de-

fines restrictions on the joint distribution of the potential outcomes but does not directly define an

identified set for the ATE. However, as mentioned above, the average treatment is straightforward

to derive given any joint distribution of potential outcomes which satisfy the conditions in (29).
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There are more substantive disadvantages inherent in this approach when compared to the results

in Proposition 1.

Leaving aside the practical question of how an appropriate class of distributions for the cost

variable Ci may be chosen, the relations in (29) make no use of the variable Ri though information

in Ri is embedded in the requirement that the identified region for the ATE in Proposition 2 must be

at most that defined in Proposition 1. The identified set in Proposition 2 may be difficult to calculate

in finite sample since the restrictions are on the joint distribution of potential outcomes directly

instead of on just the implied conditional means of outcomes. This issue is mitigated somewhat

when outcomes are discrete. For example, Table 5 pertains to the binary outcome for whether or

not an agent managed to find employment within a year of treatment. The joint distribution of

potential outcomes in this case can be described by a vector of four non-negative numbers which

add up to one and satisfy the restrictions of Proposition 2. The ATE with binary outcomes is given

by:

ATE =P(Yi(1) = 1)− P(Yi(0) = 1)

=P(Yi(1) = 1, Yi(0) = 0)− P(Yi(1) = 0, Yi(0) = 1).

While the identified set for the average treatment effect defined in Proposition 2 must be smaller

than the same from Proposition 1 the extent of this shrinking will depend on the exact parametric

specification on the cost variable Ci. As an example, Figure 5 displays lower/upper bounds for the

ATE when Ci is assumed to follow a N (µc, σ
2) distribution. The flat portions of the dashed line

correspond to the bounds from Proposition 1.

Figure 5: Estimated bounds for treatment effect on whether or not agent found employment within
12 months post completion of treatment phase when Ci ∼ N (µc, σ

2).

While the model significantly increases the lower bound for the ATE (as shown in Table 5),

only some values of the parameter vector (µc, σ
2) which governs the distribution of Ci lead to a

shrinking of the identified set. This suggests that even if the researcher is willing to impose strong

parametric assumptions on Ci, the gain may not be substantial. For instance, suppose we were

willing to accept that indeed Ci ∼ N (µc, σ
2) but allowed the mean and variance parameters to lie
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in some pre-specified set of admissible values instead of fixing them to a particular value. If this

set were sufficiently large, a lower bound for the ATE conformable with the characterization in

Proposition 2 and the set of admissible parameters would coincide with the bounds of Proposition

1. Figure 6 displays the estimated joint distribution of potential outcomes which lead to the ATE

values in Figure 5.

Figure 6: Estimated bounds for treatment effect on whether or not agent found employment within
12 months post completion of treatment phase when Ci ∼ N (µc, σ

2).

Figure 5 shows that certain parameter values for the distribution of Ci will lead to point identification

of the ATE. This is driven entirely by assumptions on the cost variable and not by additional

assumptions on the underlying compliance behavior of agents. The non-differentiable nature of

the estimated lower bound in Figure 5 may also pose additional challenges for inference. Taken

together, this discussion suggests that relying on parametric assumptions to tighten the identified

set for the ATE on an outcome may not be ideal.

5 Conditioning on Continuous Covariates

While conditioning on discrete covariates can yield interesting insights, variables such as an in-

dividual’s pre-treatment income are fundamentally continuous. Explicitly accounting for the rich

variation in continuous covariates can have significant policy implications - for example, by better

identifying sub-groups of agents for whom treatment was beneficial. This is somewhat similar to

the message of Figure 3 which seemed to indicate that treatment was more beneficial for higher

earning study participants, relative to those on the lower end of the earnings distribution. Of course,

the bounds for the treatment effect characterized in Proposition 1 extend readily when conditioned

on covariates. Indeed the lower and upper bounds for the treatment effect, when conditional on
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covariates Xi = x are given by:

E[Yi | Zi = 1, Xi = x]− E[Yi | Zi = 0, Xi = x]

+ P(Ri = 1, Di = 0 | Zi = 1, Xi = x) ·
(
y − E[Yi | Ri = 1, Di = 0, Zi = 1, Xi = x]

)
,

E[Yi | Zi = 1, Xi = x]− E[Yi | Zi = 0, Xi = x]

+ P(Ri = 0, Di = 0 | Zi = 1, Xi = x) · (y − E[Yi | Ri = 0, Di = 0, Zi = 1, Xi = x]) , (30)

where the values y, y represent the lowest and highest value for the outcome variable Yi. The bounds

in (30) depend on objects of the form:

g(X̃i) = E[Vi | X̃i],

where Vi is some real valued outcome and X̃i is some vector of conditional variables. In principle, it

is possible to estimate these function g(·) using a number of popular methods. Finite dimensional,

parametric methods (such as Logit or least squares regression) would lead to estimated bounds

that converge at the parametric
√
n rate, while some non-parametric or high dimensional methods

(kernel estimation, regularized machine learning methods) would lead to consistent estimates which

converge at slower rates. Regardless of which method is used to estimate the bounds in (30), it

is important to account for any special features of the outcome variable. For example, a binary

outcome Yi would suggest an estimation approach different from what is appropriate for a continuous

outcome Yi. Whether an applicant found a job post the treatment phase is a binary variable, while

aggregate earnings is continuous. Meanwhile, the number of months an applicant was employed

after the treatment phase is a discrete outcome, but embeds a natural ordering of outcomes - for

example, the probability an applicant was employed for at most 10 months should be greater than

the probability that they were employed for at most 9 months.

I will focus on estimating the bounds in (30) using flexible techniques which still allow for

inference. The aim is to demonstrate that the empirical analysis extends to the case of continuous

covariates with relative ease, while illustrating the value of exploiting the richness of variation in

such data features.

Figure 7 displays the treatment effect on aggregate earnings, conditional on an agent’s reported

earnings (in ’000s) over the year prior to applying for aid under the JTPA.2 Recall that Table 8

displays estimated bounds on the treatment effect for agents without conditioning on any variables.

Up to estimation error, Figure 7 conforms with the intuition that there is significant heterogeneity

in how agents are affected by training under the JTPA. For instance, study participants who were

already relatively high earners prior to assignment appear to have benefited most from training, as

indicated by the fact that the estimated (model implied) lower bound on the conditional ATE is

strictly positive.

2Estimation details can be found in the appendix.
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Figure 7: Treatment effect on the aggregate earnings (in ’000s) by pre-treatment income .

6 Conclusion

In this paper, I propose a decision model rationalizing an agent’s compliance behavior. The model

is fairly parsimonious and leads to a characterization of the identified set for the ATE that is

intuitive and may be estimated in finite samples using existing techniques. The empirical application

highlights the significant value of information collected from non-complying agents - this highlights

the importance of follow up surveys which explicitly ask agents why they refused to adhere to their

assigned treatment. It is sometimes argued that analyzing the identified set for the ATE when there

is non-compliance does not necessarily suggest a useful policy recommendation. This reasoning is

driven by the observation that the identified set for the ATE is often wide enough to contain both

positive and negative values, rendering the impact of treatment ambiguous even if other causal

parameters such as the LATE are significantly different from zero. Indeed the model proposed here

does not always lead to a clear answer for whether or not treatment was beneficial for the applicant.

Nevertheless, the results of Tables 5, 6 and 8 show that it is possible to identify sub-groups of

agents for whom the intervention led to an increase in average outcome. This is true even though

the bounds derived without the model were much wider, once again emphasizing the usefulness of

follow up surveys.
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A Proof of Proposition 1

Define the following events,

R1 =
[
θei < Ci; θ

e
i < 0

]
∪
[
0 = θei < Ci; Bi = 1

]
(31)

R0 =
[
0 < θei < Ci

]
∪
[
0 = θei < Ci; Bi = 0

]
, (32)

where Bi denotes the tie breaking random variable. Similar to (19) the following is true,

E[θi | Ri = 1, Di = 0, Zi = 1] = E[θei + νi | R1]

= E[θei | R1] + E[νi | R1]

= E[θei | R1] ≤ 0, (33)

where E[νi | R1] = 0 follows from rational expectations (RE) and the assumption that agents know

their realized cost at the time they were assigned to treatment i.e.

E[νi | R1] = E
[
E[νi | Ii, Ci, θ

e
i ]
]
= 0.

Similar to inequality (20), and following from the above observations, the following is true:

E[θi | Ri = 0, Di = 0, Zi = 1] = E[θei + νi | R0]

= E[θei | R0] ≥ 0. (34)

It remains to be shown that the bounds for the average treatment effect in proposition 1 are

tight. This amounts to showing that the upper and lower bounds in (24) can be attained by some

distribution of underlying variables which are conformable with the inequalities above, and which

do not contradict identified quantities. By assumptions IA and CT the distribution of potential

outcome Yi(0) is identified since,

P(Yi(0) ≤ y) = P(Yi ≤ y | Zi = 0),

so any distribution of underlying variables must possess a marginal distribution of Yi(0) which

coincides with its identified version. Moreover, any valid data generating process (DGP) must

satisfy the following,

E[Yi(1)− Yi(0) | θei ≥ Ci] = θLATE ,

E[Yi(0) | R1] = E[Yi | Ri = 1, Di = 0, Zi = 1],

E[Yi(0) | R0] = E[Yi | Ri = 0, Di = 0, Zi = 1],

P(Di = 1 | Zi = 1) = P(θei ≥ Ci),

P(Ri = 1, Di = 0 | Zi = 1) = P(θei < Ci; θ
e
i < 0) + P(0 = θei < Ci; Bi = 1)

P(Ri = 0, Di = 0 | Zi = 1) = P(0 < θei < Ci) + P(0 = θei < Ci; Bi = 0) (35)
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Consider any DGP i.e. a joint distribution of the vector (Yi(1), Yi(0), Ii, Ci, Bi) which has a

conformable marginal distribution for Yi(0) and satisfies the relations in (35). This implies the

following relation,

E[θi | R1] = E[θei | R1] = E[Yi(1) | R1]− E[Yi | Ri = 1, Di = 0, Zi = 1]

E[θi | R0] = E[θei | R0] = E[Yi(1) | R0]− E[Yi | Ri = 0, Di = 0, Zi = 1]. (36)

The lower bound in (24) can be attained by a DGP such that the following is true:

E[Yi(1) | R1] = 0, E[Yi(1) | R0] = E[Yi | Ri = 0, Di = 0, Zi = 1]. (37)

It should be noted that the second condition above requires the following to be true:

P(0 < θei < Ci) = 0.

It is only possible to satisfy the above and the equality for P(Ri = 0, Di = 0 | Zi = 1) in (35) if

there is a non-degenerate tie breaking rule Bi which equals zero with positive probability.

Similarly, the upper bound in (24) can be attained by any DGP which satisfies (35), has con-

formable marginal distribution of Yi(0) and also satisfies:

E[Yi(1) | R1] = E[Yi | Ri = 1, Di = 0, Zi = 1], E[Yi(1) | R0] = 1, (38)

which is again only possible if Bi equals one with positive probability and,

P(θei < Ci; θ
e
i < 0) = 0.

Similar arguments show that it is possible to construct an underlying joint distribution which attains

any value of the ATE between the lower and upper bounds.

B Derivation of Inequalities in Proposition 2

Assume IA, CT, RE and IC hold. The inequalities for P(Di = 0 | Zi = 1) are already derived in

the discussion preceding proposition 2. Let y ∈ [0, 1]. The claim that the upper and lower bounds

for the ATE derived under rational expectations (RE) in proposition 1 still apply in proposition 2

may be established by replicating the proof of proposition 1 while conditioning throughout on the

type variable τi. The decision rule definitions in (15) and (17) imply the following:
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P (Yi ≤ y,Di = 1 | Zi = 1) = E [P (Yi(1) ≤ y | Ii) ·G (θei )]

= E

[
P (Yi(1) ≤ y | Ii) ·G (θei )

1−G (θei )
· (1−Di)

∣∣∣∣∣Zi = 1

]

≤ E

[
E

[
P (Yi(1) ≤ y | Ii) ·G (θei )

1−G (θei )

∣∣∣∣∣Ii, Zi = 1

]]

≤ E

[
P (Yi(1) ≤ y | Ii) · E

[
G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

∣∣∣∣∣Ii
]]

= E

[
P (Yi(1) ≤ y | Ii) ·

G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

∣∣∣∣∣Ii
]

= E
[
P (Yi(1) ≤ y | Ii) ·

G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

]

≤ E
[
P (Yi(1) ≤ y | Ii)2

]1/2
· E

[(
G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

)2
]1/2

≤ E [P (Yi(1) ≤ y | Ii)]1/2 · E

[(
G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

)2
]1/2

= E [P (Yi(1) ≤ y)]1/2 · E

[(
G (Yi(1)− Yi(0))

1−G (Yi(1)− Yi(0))

)2
]1/2

(39)

The first inequality above follows because (1 − Di) ∈ {0, 1}. The second inequality follows from

Jensen’s inequality and the assumption that the mapping t 7→ G(t)/(1 − G(t)) is convex. The

third inequality follows from Cauchy-Schwarz. The fourth inequality follows because probabilities

lie between 0 and 1.
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Similarly, the inequality for P(Yi ≤ y,Di = 0 | Zi = 1) may be derived as:

P (Yi ≤ y,Di = 0 | Zi = 1) = E [P (Yi(0) ≤ y | Ii) · (1−G (θei ))]

= E

[
P (Yi(0) ≤ y | Ii) · (1−G (θei ))

G (θei )
·Di

∣∣∣∣∣Zi = 1

]

≤ E

[
E

[
P (Yi(0) ≤ y | Ii) · (1−G (θei ))

G (θei )

∣∣∣∣∣Ii, Zi = 1

]]

≤ E

[
P (Yi(0) ≤ y | Ii) · E

[
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

∣∣∣∣∣Ii
]]

= E

[
P (Yi(0) ≤ y | Ii) ·

1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

∣∣∣∣∣Ii
]

= E
[
P (Yi(0) ≤ y | Ii) ·

1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

]

≤ E
[
P (Yi(0) ≤ y | Ii)2

]1/2
· E

[(
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

)2
]1/2

≤ E [P (Yi(0) ≤ y | Ii)]1/2 · E

[(
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

)2
]1/2

= E [P (Yi(0) ≤ y)]1/2 · E

[(
1−G (Yi(1)− Yi(0))

G (Yi(1)− Yi(0))

)2
]1/2

(40)

C Estimation and Inference

This section describes the procedure to estimate and conduct inference on identified sets when

a finite sample is observed. Suppose the data is composed of i.i.d. draws of the vector Si =

(Yi, Di, Zi, Ri, Xi) for i = 1, 2, .., n for some finite integer n. I first describe the estimation outline

for bounds which don’t condition on covariates Xi. The lower and upper bounds in (24) and the

worst case bounds depend on several identified probabilities, each of which can be estimated from
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data in the following way:

P̂(Di = 1 | Zi = 1) =

∑n
i=1Di · Zi∑n

i=1 Zi
,

P̂(Ri = r,Di = 0 | Zi = 1) =

∑n
i=1 1 {Ri = r} · (1−Di) · Zi∑n

i=1 Zi
, for r = 0, 1,

Ê[Yi | Zi = z] =

∑n
i=1 Yi · 1 {Zi = z}∑n

i=1 1 {Zi = z}
, for z = 0, 1,

θ̂LATE =
Ê[Yi | Zi = 1]− Ê[Yi | Zi = 0]

P̂(Di = 1 | Zi = 1)

Ê[Yi | Ri = r,Di = 0, Zi = 1] =

∑n
i=1 Yi · 1 {Ri = r} · (1−Di) · Zi∑n

i=1 1 {Ri = r} · (1−Di) · Zi
, for r = 0, 1. (41)

The estimated identified set for the ATE is defined by replacing the population level quantities

with their estimated versions. For example, the estimated lower and upper bounds for the ATE

under the model are given by:

l̂mn = P̂(Di = 1 | Zi = 1) · θ̂LATE − P̂(Ri = 1, Di = 0 | Zi = 1) · Ê[Yi | Ri = 1, Di = 0, Zi = 1]

ûmn = P̂(Di = 1 | Zi = 1) · θ̂LATE + P̂(Ri = 0, Di = 0 | Zi = 1) · (1− Ê[Yi | Ri = 0, Di = 0, Zi = 1]).

(42)

Similarly, the estimated worst case bounds are given by,

l̂wn = P̂(Di = 1 | Zi = 1) · θ̂LATE − P̂(Di = 0 | Zi = 1) · Ê[Yi | Di = 0, Zi = 1]

ûwn = P̂(Di = 1 | Zi = 1) · θ̂LATE + P̂(Di = 0 | Zi = 1) · (1− Ê[Yi | Di = 0, Zi = 1]). (43)

For either the worst case bounds, or the model implied bounds, the following is true by standard

asymptotic results,

√
n

[
l̂n − l

ûn − u

]
d−→ N

([
0

0

]
,

[
σ2l ρσlσu

ρσlσu σ2u

])
, (44)

where the standard deviations σl, σu and correlation ρ can all be consistently estimated. The true

lower and upper bounds are assumed to be fixed value i.e. lm, um, lw, uw are not indexed by the

sample size n. Turning now to inference, given an estimated identified set of the form Θ̂I = [l̂n, ûn],

the objective is to construct a confidence set Ĉn such that the following is true:

lim
n→∞

P(θ0 ∈ Ĉn) ≥ 1− α,
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for some specified value α ∈ (0, 1). The confidence regions used here will be of the form:

Ĉn =

[
l̂n − σ̂lĉl√

n
, ûn +

σ̂uĉu√
n

]
,

where σ̂l, σ̂u are the estimated standard deviations for the respective bounds and the critical values

ĉl, ĉu are derived following the procedures in Stoye [2009] which are themselves refinements of

procedures in Imbens and Manski [2004]. Without replicating any proofs, the remainder of this

section briefly describes how the critical values ĉl, ĉu are calculated in finite samples and why they

lead to the correct asymptotic coverage for the unknown average treatment effect θ. By definition,

the critical values values are chosen such that for any possible value θ ∈ [l, u], the following is true:

lim
n→∞

P
(
l̂n − σ̂lĉl√

n
≤ θ ≤ ûn +

σ̂uĉu√
n

)
≥ 1− α.

As has been detained in Stoye [2009], Imbens and Manski [2004], at the limit as n → ∞, this

probability is minimized at θ ∈ {l, u}. given the asymptotic normality results in (44). In finite

samples, ĉl and ĉu are jointly chosen such that the probability of the lower bound l (upper bound

u) lying in the confidence set is at least 1− α. The following conditions must therefore be satisfied

for any valid cl, cu:

P
(
l̂n − σ̂lcl√

n
≤ l ≤ ûn +

σ̂ucu√
n

)
≥ 1− α (45)

P
(
l̂n − σ̂lcl√

n
≤ u ≤ ûn +

σ̂ucu√
n

)
≥ 1− α. (46)

Consider the inequality in (45) and define ∆ = u − l, the unknown length of the population level

identified set for θ. The joint asymptotic normality in (44) implies that:

√
n(ûn − u) |

√
n(l̂n − n)

d−→ N
(
ρ
σu
σl

√
n(l̂n − n), σ2u(1− ρ2)

)
, (47)

uniformly. The following rough argument illustrates how to approximate the unknown sampling
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distribution of the estimated quantities in (45):

P
(
l̂n − σ̂lcl√

n
≤ l ≤ ûn +

σ̂ucu√
n

)
= P

(√
n

σ̂l

(
l̂n − l

)
≤ cl,

√
n

σ̂u
(ûn − u) ≥ −

√
n∆

σ̂u
− cu

)

= E

(
P
(√

n

σ̂u
(ûn − u) ≥ −

√
n∆

σ̂u
− cu

∣∣∣√n(l̂n − l
))

×

1

{√
n

σ̂l

(
l̂n − l

)
≤ cl

})

≈ E

(
Φ

(
ρ̂√

1− ρ̂2
·
√
n

σ̂l

(
l̂n − l

)
+

cu√
1− ρ̂2

+

√
n∆

σ̂u
√
1− ρ̂2

)
×

1

{√
n

σ̂l

(
l̂n − l

)
≤ cl

})

≈
cl∫

−∞

Φ

(
ρ̂√

1− ρ̂2
· z + cu√

1− ρ̂2
+

√
n∆

σ̂u
√
1− ρ̂2

)
ϕ(z)dz (48)

The first approximation relation above uses the conditional convergence in distribution result in

(47) while the second approximation uses the asymptotic normality result in (44). By a similar

argument, the following approximate relationship can be established for θ = u:

P
(
l̂n − σ̂lcl√

n
≤ u ≤ ûn +

σ̂ucu√
n

)
≈

cu∫
−∞

Φ

(
ρ̂√

1− ρ̂2
· z + cl√

1− ρ̂2
+

√
n∆

σ̂l
√
1− ρ̂2

)
ϕ(z)dz. (49)

The approximate equalities in (48), (49) then suggests choosing ĉl, ĉu by minimizing the amount by

which the estimated identified set is enlarged, σ̂l · cl + σ̂u · cu subject to the following restrictions,

cl∫
−∞

Φ

(
ρ̂√

1− ρ̂2
· z + cu√

1− ρ̂2
+

√
n∆̂

σ̂u
√
1− ρ̂2

)
ϕ(z)dz ≥ 1− α

cu∫
−∞

Φ

(
ρ̂√

1− ρ̂2
· z + cl√

1− ρ̂2
+

√
n∆̂

σ̂l
√
1− ρ̂2

)
ϕ(z)dz ≥ 1− α, (50)

where ∆̂ = û − l̂. The validity of the empirically calculated critical values ĉl, ĉu does not require

any additional assumptions apart from the asymptotic normality of the estimated bounds and that

the variances σ ≤ σ2l , σ
2
u ≤ σ for strictly positive, finite values σ, σ.

D Identification under Perfect Foresight

This section examines the limits of identification under the rational expectations assumption (RE).

I do this by considering the strongest version of RE , namely that of perfect foresight. Under this
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assumptions, agents exactly know the potential impact of treatment.

Assumption PF (Perfect Foresight) : θei = Yi(1)− Yi(0).

This is a strengthened version of rational expectations (RE) where the error term νi is assumed

to equal zero with probability one. For simplicity, this section will assume that outcomes are discrete

and binary i.e. Yi ∈ {0, 1}. An extension to multiple discrete outcomes or continuous outcomes is

straightforward though the case with continuous outcomes poses computational challenges which are

not addressed here. To begin, perfect foresight (PF) clearly illustrates the importance of accounting

for the case when θei = 0 beyond its utility to prove sharpness of the identified intervals in Proposition

1. For example, suppose there was no tie breaking variable Bi as specified in (17). Without a non-

degenerate Bi, perfect foresight may fail to rationalize observed data due to the manner in which

agents choose to participate in treatment. To see this, suppose the observed distribution of outcomes

identifies a positive probability of a non-complying agent who reported Ri = 0 and for whom Yi = 1

i.e. :

P(Yi = 1, Di = 0, Ri = 0 | Zi = 1) > 0.

The model states that these agents would have accepted treatment if not for an unexpectedly high

cost shock. Under perfect foresight (PF), it must be that,

P(Yi(0) = 1, 0 < θei < Ci) = P(Yi(0) = 1, 1 < Yi(1) < 1 + Ci) = 0,

since the highest possible value of Yi(1) is 1. However, the observed data then rejects the model. The

assumption could then contradict the observed distribution of outcomes. The unobserved variable

Bi prevents this contradiction. In principle, Bi may be arbitrarily correlated with other observed

and unobserved elements of the DGP. For the sake of simplicity, it is assumed that Bi is independent

of the cost shock Ci.

Assumption ITB (Independent Tie Breaking ) : Bi ⊥ Ci.

Independent Tie Breaking (ITB) allows the probability that Bi equals one to vary based on the

values of the potential outcomes. For example, consider the event that Yi(1) and Yi(0) both equal

y ∈ {0, 1}. Under PF and ITB, θei would equal zero and a fixed proportion of agents in the

population, py will choose to reject treatment. With this structure the joint distribution of potential

outcomes and the variable Bi may be described by the combination of two objects. The first is

a vector of real numbers {p0, p1} where py ∈ [0, 1] measures P(Bi = 1 | Yi(1) = Yi(0) = y).

The second is a joint probability density function π which describes the distribution of the vector

(Yi(1), Yi(0), Ci). There are no additional assumptions on Ci other than the requirement that its

support includes an interval (−a, a) for some a ∈ R i.e. Ci takes on both positive and negative

values with positive probability. For any such candidate density, define the following convenient
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shorthand:

π (y1, y0, Ci ≤ y1 − y0) =

y1−y0∫
−∞

π (Yi(1) = y1, Yi(0) = y0, c) dc

π (y1, y0, Ci > y1 − y0) =

∞∫
y1−y0

π (Yi(1) = y1, Yi(0) = y0, c) dc. (51)

Under assumptions IA, CT, PF, and ITB, the observed data and the model are related as:

P (Yi = 1, Di = 1 | Zi = 1) =π(1, 1, C ≤ 0) + π(1, 0, Ci ≤ 1)

P(Yi = 0, Di = 1 | Zi = 1) =π(0, 0, C ≤ 0) + π(0, 1, Ci ≤ −1)

P (Yi = 1, Ri = 1, Di = 0 | Zi = 1) =π(1, 1, C > 0) · p1 + π(0, 1, Ci > −1)

P (Yi = 0, Ri = 1, Di = 0 | Zi = 1) =π(0, 0, C > 0) · p0
P (Yi = 1, Ri = 0, Di = 0 | Zi = 1) =π(1, 1, C > 0) · (1− p1)

P (Yi = 0, Ri = 0, Di = 0 | Zi = 1) =π(0, 0, C > 0) · (1− p0) + π(1, 0, Ci > 1)

P(Yi = 1 | Zi = 0) =π(1, 1, Ci ≤ 0) + π(1, 1, Ci > 0)+

π(0, 1, Ci ≤ −1) + π(0, 1, Ci > −1) (52)

The average treatment effect with binary outcomes is simply P(Yi(1) = 1) − P(Yi(0) = 1). Given

any density π, the maximum identified value is given by the solution to the following problem:

max
π,p1,p0

π(1, 0, Ci ≤ 1) + π(1, 0, Ci > 1)− π(0, 1, Ci ≤ −1)− π(0, 1, Ci > −1), s.t. (53)

1∑
y1=0

1∑
y0=0

π(y1, y0, Ci ≤ y1 − y0) + π(y1, y0, Ci > y1 − y0) = 1,

0 ≤ π(y1, y0, Ci ≤ y1 − y0), π(y1, y0, Ci > y1 − y0) ≤ 1, 0 ≤ p1, p0,≤ 1,

the conditions in (52), (54)

while the minimum identified value is given by a problem which minimizes the objective function

in (53) subject to the same set of constraints. These are computationally tractable problems since

they are simple non-linear programming problems where a linear objective function is optimized

over a convex set.

As an empirical illustration, consider the outcome of interest in Table 5 i.e. whether or not an

applicant managed to find employment within 12 months of the treatment phase. Table 9 shows

the estimated lower bound on the average treatment effect when perfect foresight is assumed. It

also displays the estimated probability vectors which led to the attained lower bound. To save on

notation, the following shorthand is used for the column names:

πy1y0,l = P(Yi(1) = y1, Yi(0) = y0, Ci ≤ y1 − y0), πy1y0,g = P(Yi(1) = y1, Yi(0) = y0, Ci > y1 − y0).
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Table 10 displays similar results for the upper bound on the ATE. Bounds derived under the setup

of Proposition 1 are labeled ATE (RE) to signify that rational expectations (RE) is the major

behavioral assumption on agents. Bounds under the stronger perfect foresight assumption (PF) are

labeled ATE (PF). Most surprisingly, the stronger version of perfect foresight offers no benefit in

terms of a smaller identified set for the ATE. Secondly, almost all of the difference in the lower and

upper bounds is driven by changes in the underlying probabilities πy1y0,g i.e. when cost prohibits

agents from accepting treatment.

Description ATE (RE) ATE (PF) π00,l π01,l π10,l π11,l π00,g π01,g π10,g π11,g p0 p1

Overall -0.03 -0.03 0.04 0.07 0.08 0.47 0.08 0.05 0.00 0.22 0.09 0.00

No income
Age < 30

Did not graduate HS -0.05 -0.05 0.07 0.14 0.12 0.36 0.13 0.02 0.00 0.16 0.12 0.00
Graduated HS 0.07 0.07 0.07 0.08 0.20 0.32 0.08 0.05 0.00 0.21 0.03 0.00

Age ≥ 30
Did not graduate HS 0.01 0.01 0.07 0.10 0.14 0.28 0.20 0.03 0.00 0.18 0.12 0.00

Graduated HS 0.03 0.03 0.09 0.12 0.18 0.33 0.12 0.02 0.00 0.14 0.03 0.00

Pos. income
Age < 30

Did not graduate HS -0.03 -0.03 0.02 0.04 0.07 0.46 0.06 0.06 0.00 0.28 0.05 0.00
Graduated HS -0.05 -0.05 0.02 0.05 0.06 0.55 0.04 0.06 0.00 0.23 0.09 0.00

Age ≥ 30
Did not graduate HS -0.07 -0.07 0.03 0.06 0.04 0.48 0.10 0.06 0.00 0.24 0.14 0.00

Graduated HS -0.05 -0.05 0.03 0.06 0.05 0.53 0.07 0.04 0.00 0.22 0.10 0.00

Table 9: Estimated lower bounds for ATE on whether applicant found a job within 12 months of the treatment
phase, under perfect foresight.

Description ATE (RE) ATE (PF) π00,l π01,l π10,l π11,l π00,g π01,g π10,g π11,g p0 p1

Overall 0.09 0.09 0.04 0.07 0.08 0.47 0.01 0.00 0.08 0.27 1.00 0.18

No income
Age < 30

Did not graduate HS 0.09 0.09 0.07 0.14 0.12 0.36 0.02 0.00 0.11 0.18 1.00 0.12
Graduated HS 0.20 0.20 0.07 0.08 0.20 0.32 0.00 0.00 0.08 0.25 1.00 0.18

Age ≥ 30
Did not graduate HS 0.22 0.22 0.07 0.10 0.14 0.28 0.02 0.00 0.18 0.22 1.00 0.16

Graduated HS 0.17 0.17 0.09 0.12 0.18 0.33 0.00 0.00 0.12 0.16 1.00 0.13

Pos. income
Age < 30

Did not graduate HS 0.09 0.09 0.03 0.04 0.07 0.47 0.00 0.00 0.06 0.33 1.00 0.17
Graduated HS 0.05 0.05 0.03 0.05 0.05 0.55 0.00 0.00 0.04 0.29 1.00 0.20

Age ≥ 30
Did not graduate HS 0.07 0.07 0.03 0.06 0.04 0.48 0.01 0.00 0.09 0.29 1.00 0.19

Graduated HS 0.06 0.06 0.03 0.06 0.05 0.53 0.01 0.00 0.06 0.27 1.00 0.17

Table 10: Estimated upper bounds for ATE on whether applicant found a job within 12 months of the treatment
phase, under perfect foresight.

By construction, perfect foresight in the case with binary outcomes cannot lead to tighter bounds

for the ATE. Perfect foresight does lead to substantially smaller identified sets if the outcome takes

on more than two values. Table 11 displays the estimated identified sets for the ATE on the total

number of months an applicant was employed post the treatment phase. The bounds under perfect

foresight are now significantly tighter than those under just rational expectations (as shown in Table

6). In some cases, perfect foresight (PF) almost leads to point identification3.

3Estimated probabilities which lead to the corresponding bounds are not shown as the number of parameters is
too large; agents can be employed between 0 to 30 months which leads to 2 · 312 positive real numbers needed to
define the joint distribution of potential outcomes. In addition, there are 31 real numbers in [0, 1] which determine
the tue breaking rule.
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Description ATE (RE) ATE (PF)

Overall [ -0.48 , 5.11 ] [ 0.81 , 1.04 ]

No income
Age < 30

Did not graduate HS [ -0.51 , 4.36 ] [ 0.73 , 0.73 ]
Graduated HS [ 1.04 , 6.37 ] [ 2.00 , 2.01 ]

Age ≥ 30
Did not graduate HS [ -0.08 , 6.58 ] [ 2.57 , 2.57 ]

Graduated HS [ -0.21 , 4.18 ] [ 0.04 , 1.38 ]

Pos. income
Age < 30

Did not graduate HS [ -0.55 , 5.78 ] [ 1.02 , 1.04 ]
Graduated HS [ -0.75 , 4.50 ] [ 0.56 , 1.01 ]

Age ≥ 30
Did not graduate HS [ -0.48 , 5.87 ] [ 1.03 , 1.03 ]

Graduated HS [ -0.89 , 4.50 ] [ 0.37 , 0.80 ]

Table 11: Estimated identified sets for the ATE on total months employed post treatment under
perfect foresight.

E Estimation Details for Conditional Bounds on Treatment Ef-

fects

Recall that the bounds in (30) rely on objects of the form E[Vi | X̃i = x̃i] for some outcome Vi and

some variable X̃i. The bounds displayed in Figure 7 are based on a number of estimated conditional

probabilities, and estimated conditional aggregate earnings functions. The former are estimated

using kernels, while the latter are estimated using local linear regressions. The estimators are

defined before assumptions necessary to ensure consistency and asymptotic normality are described.

Conditioning on pre-treament earnings Xi = x, the estimated probabilities are defined below:

P̂(Di = 1 | Zi = 1, Xi = x) =

∑
i
Dj · Zj ·K

(
Xj−x

h

)
∑
i
Zj ·K

(
Xj−x

h

)

P̂(Ri = 1, Di = 1 | Zi = 1, Xi = x) =

∑
i
Rj · (1−Dj) · Zj ·K

(
Xj−x

h

)
∑
i
Zj ·K

(
Xj−x

h

)

P̂(Ri = 0, Di = 1 | Zi = 1, Xi = x) =

∑
i
(1−Rj) · (1−Dj) · Zj ·K

(
Xj−x

h

)
∑
i
Zj ·K

(
Xj−x

h

) , (55)

where K is an appropriate kernel function, and h ↓ 0 is a choice of bandwidth. Figure 7 uses

the Epanechnikov kernel (after pre-treatment earnings have been normalized to lie in [−1, 1]) with

h ∝ n−1/6 where n is the sample size.

The mean of aggregate earnings post the treatment phase, conditional on pre-treatment earnings

and other variables is estimated using a local linear regression estimator. In particular, for any

binary variable Ii ∈ {0, 1}, and a value of pre-treatment earnings Xi = x, the conditional mean
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E[Yi | Ii = 1, Xi = x] is estimated by the parameter γ̂0 where the pair (γ̂0, γ̂1) solves the following:

min
γ0,γ1

n∑
i=1

(
Yi − γ0 − γ1 ·

(
Xi − x

h

))2

· Ii ·K
(
Xi − x

h

)
. (56)

The variable Ii will equal indicators such as Zi, Ri · (1−Di) ·Zi and similar variables. The following

assumptions are maintained.

Assumption KE (Kernel Estimates) :The kernel function used in estimates defined in (55),

(56) satisfies (i)
∫
K(t)dt = 1, (ii)

∫
tK(t)dt = 0, (iii)

∫
t2K(t)dt <∞.

The following is assumed of the population level version of the objects being estimated.

Assumption CE (Conditional Smoothness) :The conditional density of earnings prior to treat-

ment, given Ii = 1 is twice continuously differentiable at a point x belonging to the interior of the

support of earnings.

The assumptions on the kernel and the smoothness of the conditional density of pre-treatment

earnings ensures that the estimates are consistent for the population level versions of the re-

spective estimated object. As above, the variable Xi denotes pre-treatment earnings, which is

real valued and bounded. Let f(x | Ii = 1) denote the conditional density of Xi at x and let

f(x, Ii = 1) = f(x | Ii = 1) · P(Ii = 1). The following lemma describes the asymptotic properties of

the estimates described in (55), (56). The result follows from standard arguments and is presented

here without proof.

Lemma 1 (Consistency of Non-parametric estimates) :Suppose the kernel K satisfies as-

sumption KE, the density of pre-treatment earnings Xi satisfies CE, and let h ↓ 0 be a bandwidth

parameter. Then the following is true:

√
nh



P̂(Di = 1 | Zi = 1, Xi = x)− P(Di = 1 | Zi = 1, Xi = x)

P̂(Ri = 1, Di = 0 | Zi = 1, Xi = x)− P(Ri = 1, Di = 0 | Zi = 1, Xi = x)

P̂(Ri = 0, Di = 0 | Zi = 1, Xi = x)− P(Ri = 0, Di = 0 | Zi = 1, Xi = x)

Ê[Yi | Zi = 1, Xi = x]− E[Yi | Zi = 1, Xi = x]

Ê[Yi | Zi = 0, Xi = x]− E[Yi | Zi = 0, Xi = x]

Ê[Yi | Ri = 1, Di = 0, Zi = 1, Xi = x]− E[Yi | Ri = 1, Di = 0, Zi = 1, Xi = x]

Ê[Yi | Ri = 0, Di = 0, Zi = 1, Xi = x]− E[Yi | Ri = 0, Di = 0, Zi = 1, Xi = x]


=

1√
n

n∑
i=1

ψi(x, h) +Op(
√
nh5),

(57)

where E[ψi(x)] = 0, and E[ψi(x)ψi(x)
′] = O(1). In particular, if h ∝ n−α where 0 < α < 1/5, then

the second term above is op(1). The vector ψi(x) denotes an asymptotic linear representation of the

estimators above. To describe ψi(x, h) first define the following:

ξi(x, h) = P(Di = 1 | Zi = 1, Xi = x) ·
(
Zi√
h
K

(
Xi − x

h

)
− E

[
Zi√
h
K

(
Xi − x

h

)])
.
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Note that ξi(x, h) has mean zero, and will satisfy a central limit theorem. With this definition, ψi(x)

satisfies the following:

f(x, Zi = 1) · ψi(x) =



Di·Zi√
h
K
(
Xi−x

h

)
− E

[
Di·Zi√

h
K
(
Xi−x

h

)]
− ξi(x, h)

Ri·(1−Di)·Zi√
h

K
(
Xi−x

h

)
− E

[
Ri·(1−Di)·Zi√

h
K
(
Xi−x

h

)]
− ξi(x, h)

(1−Ri)·(1−Di)·Zi√
h

K
(
Xi−x

h

)
− E

[
(1−Ri)·(1−Di)·Zi√

h
K
(
Xi−x

h

)]
− ξi(x, h)

Yi·Zi√
h
K
(
Xi−x

h

)
− E

[
Yi·Zi√

h
K
(
Xi−x

h

)]
Yi·(1−Zi)√

h
K
(
Xi−x

h

)
− E

[
Yi·(1−Zi)√

h
K
(
Xi−x

h

)]
Yi·Ri·(1−Di)·Zi√

h
K
(
Xi−x

h

)
− E

[
Yi·Ri·(1−Di)·Zi√

h
K
(
Xi−x

h
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Yi·(1−Ri)·(1−Di)·Zi√

h
K
(
Xi−x

h
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− E

[
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h
K
(
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h
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.

The characterization above assumes that the same kernel is used when estimating the conditional

probabilities as well as the conditional means. This is not necessary, but is maintained for simplicity.

The bias term in asymptotic linear expansion poses a problem for inference. For the empirical

exercise here, I choose h ∝ n−1/6 which leads to a slower rate of convergence, but allows me to

ignore the bias term. An alternative would be to use a bias corrected kernel, or estimate the bias

term and account for it in the asymptotic linear representation.

Notice that the conditional lower and upper bounds for treatment effects on the outcome Yi

depend on the estimated objects of the above lemma through differentiable maps. In particular,

given a value of estimated parameters θ̂, the lower and upper bounds for the average treatment

effect are given by:

gl(θ̂) = θ̂4 − θ̂5 + θ̂2 · (y − θ̂6)

gu(θ̂) = θ̂4 − θ̂5 + θ̂3 · (y − θ̂7).

Therefore, the characterization in (57) leads to an asymptotic distribution for the estimated bounds

by the Delta Method. Joint standard errors for the first stage estimates is conducted using a

multiplier bootstrap approach. Given a consistent version ψ̂i(x, h), and a draw for random vector

ϵb = {ϵbi}ni=1 where ϵbi are i.i.d, independent of data, and drawn according to N (0, 1), define the

following bootstrap draw:

ζb =
1√
n

n∑
i=1

ϵbi · ψ̂i(x, h).

The asymptotic covariance matrix for ψi may then be estimated using {ζb}Bb=1 for some integer B,

and random draws {ϵb}Bb=1. Given these estimates, confidence regions for the identified treatment

effect may be calculated using the procedure of Stoye [2009], as described above.
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F Additional Figures

F.1 Distribution Treatment Effects for months employed and maximum consec-

utive months employed

The following figures display treatment effects on the distribution of months employed and maximum

consecutive months employed over the 30 month period after treatment on various sub-groups of

participants in the JTPA study. Agents are split into mutually exclusive groups based on their

education, age and whether or not they reported any income in the year prior to being assigned to

the treated or control group.

Figure 8: Distributional treatment effect for applicants who did not graduate high school, were aged
less than 30, and had no prior income during the year prior to assignment.

Figure 9: Distributional treatment effect for applicants who had graduated high school, were aged
less than 30, and had no prior income during the year prior to assignment.
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Figure 10: Distributional treatment effect for applicants who did not graduate high school, were
aged at least 30, and had no prior income during the year prior to assignment.

Figure 11: Distributional treatment effect for applicants who had graduated high school, were aged
at least 30, and had no prior income during the year prior to assignment.
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Figure 12: Distributional treatment effect for applicants who did not graduate high school, were
aged less than 30, and had positive prior income during the year prior to assignment.

Figure 13: Distributional treatment effect for applicants who had graduated high school, were aged
less than 30, and had positive prior income during the year prior to assignment.
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Figure 14: Distributional treatment effect for applicants who did not graduate high school, were
aged at least 30, and had positive prior income during the year prior to assignment.

Figure 15: Distributional treatment effect for applicants who had graduated high school, were aged
at least 30, and had positive prior income during the year prior to assignment.
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F.2 Distribution Treatment Effects for Earnings

The following figures display treatment effects on the distribution of earnings over the 30 month

period after treatment on various sub-groups of participants in the JTPA study. Agents are split

into mutually exclusive groups based on their education, age and whether or not they reported any

income in the year prior to being assigned to the treated or control group.

Figure 16: Treatment effect of training under JTPA on the distribution of earnings (in ’000s) for
agents who were aged at most 30 years, and reported no income in the year prior to time assignment.

Figure 17: Treatment effect of training under JTPA on the distribution of earnings (in ’000s) for
agents who were aged at most 30 years, and reported positive income in the year prior to time
assignment.
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Figure 18: Treatment effect of training under JTPA on the distribution of earnings (in ’000s) for
agents who were aged at least 30 years, and reported positive income in the year prior to time
assignment.
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